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Optimization combining derivative-free global exploration with
derivative-based local refinement

Shahrouz Ryan Alimo

Abstract— This paper proposes a hybrid optimization scheme
combining an efficient (and, under the appropriate assumptions,
provably globally convergent) derivative-free optimization algo-
rithm (dubbed A-DOGS), to globally explore expensive noncon-
vex functions, with a new derivative-based local optimization
algorithm, to maximally accelerate local convergence from
promising feasible points discovered in parameter space. The
resulting hybrid optimization scheme proceeds iteratively, au-
tomatically shifting between (derivative-free) global exploration
and (derivative-based) local refinement as appropriate. The new
derivative-based local refinement method implemented uses the
Voronoi partitioning of all existing datapoints at each iteration
to establish a “modified trust-region” around the current best
point, within which derivative-based optimization is considered.
The resulting algorithm is analyzed, and its global convergence
is proven under certain assumptions on the objective function.
Finally, the algorithm is applied to nonconvex optimization
problems with multiple local minima, and its computational
cost compared with that of the original A-DOGS algorithm.

I. INTRODUCTION

Consider the optimization of a nonconvex, expensive-to-
compute function f(x) with bound constraints,

minimize f(x) with x € B= {x|a <x <b},

)

where a and b are two vectors in R” such that a < b. Solving
an optimization problem of the form (1) is difficult and, for
general functions, convergence can only be guaranteed if
the function evaluation set becomes dense over the entire
search domain, B, in the limit of an infinite number of
function evaluations [1], [2]. In this paper, for the purpose
of derivation of our algorithm, we thus focus our attention
on problems in which f(x) is smooth (twice differentiable),
and for which the optimization problem considered has a
target value fj; that is, we seek a point x € B that is a local
minimum such that f(x) < fp.

There are generally two broad classes of optimization
algorithms to solve (1): derivative-based methods, which
use gradient information to accelerate the search of a lo-
cal minimum of the objective function, and derivative-free
methods, which do not use gradient information, but may
often be developed in a manner which, under the appropriate
assumptions, assures convergence to a global solution to
(1) [31, [4], [5].

Derivative-based methods are designed to handle a large
number of design parameters, and generally require far fewer

Shahrouz Ryan Alimo is with the Dept of MAE, UC San Diego
shahrouz.ryan.alimo@gmail.com

Pooriya Beyhaghi is with the Dept of MAE, UC San Diego
p.beyhaghi@gmail.com

Thomas R. Bewley is with is with Faculty of the Dept of MAE, UC San
Diego bewley@eng.ucsd.edu

978-1-5090-2873-3/17/$31.00 ©2017 IEEE

Pooriya Beyhaghi

Thomas R. Bewley

function evaluations for local convergence. There are two
main approaches for determining the update made at each
step of a derivative-based search: those based on trust-
regions, and those based on line searches.

Trust-region methods define, at each iteration, a region in
the vicinity of the current point, x;, within which a model that
approximates the objective function is generated and used
to calculate the next point, which is restricted to lie within
the modified trust-region. Line search methods, in contrast,
determine the step length in a chosen search direction via
a number of additional function evaluations, in order to
identify a point with a reduced function value (see [6], [7]),
often coordinated by an Armijo condition, which seeks to
ensure that the next iterate reduces the function sufficiently
relative to the directional derivative of f(x) at x; in the
search direction, or a Wolfe condition, which seeks to enforce
conditions on Vf as well as the Armijo condition in order
to guarantee that a BFGS update [6] can be safely applied.

Derivative-free methods can, under appropriate assump-
tions, guarantee convergence to a global optimum, but
are generally inefficient computationally, particularly at lo-
cal refinement, requiring many more function evaluations
than derivative-based methods. Response surface methods
(RSMs) are the most efficient globally-convergent derivative-
free optimization methods available today. RSMs iteratively
minimize a search function using an interpolant of existing
data points, known as the “surrogate”, and a model of the
“uncertainty” of this surrogate which goes to zero at the func-
tion evaluations themselves. Efficient global optimization
(EGO) [8], optimization by radial basis function interpolation
in trust-regions (ORBIT) [4], the Surrogate-Management-
Framework (SMF) [9], and Delaunay-based derivative-free
optimization via global surrogates (A-DOGS) [10], [11],
[12], are modern examples of RSMs.

The derivative-free scheme upon which the present work
is based is A-DOGS, which is a generalizable family of
computationally-efficient RSMs developed by our group for
low-dimensional optimization problems in which the objec-
tive function is both nonconvex and expensive to evaluate.
There are already a handful of schemes in this family,
including schemes designed specifically for simple bound
constraints [13], linear constraints [10], [14], and nonconvex
constraints [12], [15].

This paper proposes the hybridization of (derivative-free)
algorithms in the A-DOGS family with a local derivative-
based optimization approach in order to significantly accel-
erate the process of local refinement (for a related discussion,
see [5]). The proposed hybrid algorithm inherits the property
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of global convergence (under the appropriate assumptions)
of the particular A-DOGS algorithm upon which it is based.
In our numerical experiments, the algorithm is found to effi-
ciently handle nonconvex functions with many local minima,
and to scale better with dimension than purely derivative-free
global optimization approaches.

The paper is structured as follows: Section II briefly
reviews the essential ideas of [13], [14], which accelerates a
A-DOGS search by coordinating it with a Cartesian grid over
parameter space that is successively refined as convergence is
approached. Section III explains the new hybrid optimization
scheme, which combines A-DOGS with a derivative-based
optimization algorithm, leveraging a modified trust-region
approach, for local refinement. Section IV analyzes the new
hybrid algorithm’s convergence properties, and describes the
technical conditions needed to guarantee its convergence to a
global or local minimizer. In Section V, the hybrid algorithm
is applied to benchmark optimization problems to illustrate
its behavior. Conclusions are presented in Section VI.

II. A BRIEF REVIEW OF A-DOGS

We now review the essential elements of A-DOGS [14],
[13]. Note that this paper focuses on variants of these
algorithms that leverage target values of fy; other variants
of these algorithms are discussed in [10], [11], [14], [16],
and could also be invorporated into this framework.

At each iteration, A-DOGS estimates the location in the
feasible domain B with, effectively, the highest probability,
given the current surrogate and uncertainty models, of having
a function value less than or equal to fy (that is, which
maximizes a probability measure for finding such a function
value). The approach is akin to the expected improvement
[17] and Bayesian optimization algorithms [18].

Definition 1: Consider § = {xj,xp,...,xy} as a set of
datapoints in the feasible domain B. The continuous search
function s(x) is defined as follows:

SR i p(x) > o,
s(x) =
p(x)— fo otherwise,

where p(x) is some smooth interpolating function such that
p(xi) = f(x;),¥i € {I,...,N}, and e(x) is an uncertainty
function built on the framework of a Delaunay triangulation
of existing datapoints; key properties of e(x), as discussed
in [10], include it being piecewise quadratic with constant
Hessian, e¢(x) >0 Vx € B, and e(x;) =0 Vi€ {1,...,N}.
Definition 2: The Cartesian grid of level ¢ for the feasible
domain B = {x|a < x < b}, denoted By, is defined such that

2

1
By = {xlxl :al+N(bl _al)'zla L€ {0,1,...,26}}

A quantizer of a point x € B onto By is a point x; on
the B, grid with minimum distance to x; note that the
quantizer so defined is not necessarily unique. The maximum
discretization error is defined as

Algorithm 1 Strawman of A-DOGS, designed for minimiz-
ing f(x) € B leveraging the target value fj.

0. Initialize k =0, ¢, and the initial set of datapoints Sy,
and calculate f(x;) for all x; € Sp.

1. Calculate or update the interpolating function py(x) and
the uncertainty function ey (x) for the points in Sy.

2. Minimize the search function (2) in B to obtain £ as a
point with high probability of obtaining the target value.

3. Determine y; as the quantization of £; on By,.

4. If yp & Sk, Sk1 = Sk Uy, and calculate f(x;); otherwise,
refine the mesh by incrementing ¢.

5. Repeat steps 1-4 until a point x is found with f(x) < fj.
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Fig. 1: The essential elements of Algorithm 1, A-DOGS,

in different iterations for a 1D example. Top subfigures
indicate (black) the truth function f(x), (blue) the interpo-
lating surrogate function p(x), (green) the synthetic model
of the uncertainty e(x), (dashed) the target value fy = 0.07,
and (black circles) previous datapoints. Bottom subfigures
indicate the search function s(x), as defined in (2), and (red
circles) the minimizer of s(x), the next datapoint to evaluate.

Illustration of the above concepts can be found in Figure
2 of [13]. The grid By has a specific property that is useful in
this analysis: if any constraints on B are binding at x, these
constraints are also binding at x,.

Given the above concepts, Algorithm 1 presents a straw-
man form of the A-DOGS algorithm, as illustrated in Figure
1; further details may be found in [13], [14].

Remark 1: At each iteration, Algorithm 1 either adds a
new feasible evaluation point, or refines the mesh.

There are two possible termination scenarios for Algo-
rithm 1: either it finds a point x with a function value f(x) <
fo, or it conducts an infinite number of iterations. In a latter
case, it is proved in [13] that there is a limit point amongst
the datapoints computed with a function value equal to fj if

8, = max||x — x| 3) the target value is achievable. This convergence result, related
- x€B ¢ to a limit sequence within the datapoints computed, clearly
2532

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on February 08,2025 at 17:58:57 UTC from IEEE Xplore. Restrictions apply.



represents remarkably faster convergence than the perhaps
pessimistic implication of [1], which requires that functions
evaluations eventually become dense over the entire feasible
domain (in R") in the limit of an infinite number of function
evaluations.

Though the A-DOGS family of schemes is (relative to
other derivative-free optimization schemes) quite computa-
tionally efficient for the problem of characterizing and glob-
ally exploring (via the surrogate) a large range of nonconvex
functions, it suffers from the same “curse of dimensionality”
that plagues all derivative-free optimization schemes, and
scales poorly with the dimension of the problem, n. The
hybrid algorithm proposed below mitigates this issue.

ITII. ACCELERATING LOCAL CONVERGENCE USING A
DERIVATIVE-BASED METHOD

This section discusses the blending of our globally-
convergent derivative-free optimization algorithm, A-DOGS,
with a local derivative-based optimization approach to accel-
erate the process of local refinement, and thus to scale better
with dimension than purely derivative-free global optimiza-
tion approaches. The essential idea of the new approach is
two-fold: once the A-DOGS scheme constructs a reasonably
well-sampled surrogate, the best feasible point found thus far
is used to initialize a local derivative-based search. Once this
derivative-based search identifies a feasible local minimum
point, the value and slope of the objective function at this
point are used to update the surrogate, and the derivative-
free search is resumed, until a new point with an improved
objective function value is found, and another derivative-free
local refinement is performed, etc.

For the derivative-based component of the above-described
hybrid optimization scheme, we will implement a modified
trust-region method [6] which iteratively solves the following
subproblem:

X = argmin g (x) subject to x € Qy, ()

where € is a subset of B, S; is the set of datapoints
available at iteration k, and g (x) is a local quadratic function
constructed around zz, which is a point in S; that mini-
mizes f(x), such that gi(zx) = f(zk), Vai(zk) = V.f(zk), and
V2qi(zx) = V2 f(z) (or, some approximation thereof).

We now define the modified trust-region Q; to be used
in the derivative-based component of Algorithm 1. Classi-
cal trust-region methods take the trust-region as a sphere
around z;; however, it turns out that this approach does not
work particularly well when we combine trust-region-based
derivative-free optimization with our global optimization
algorithm A-DOGS. In this paper, we thus instead define
Qy as simply the Voronoi cell [19] of z; in Si, which is a
convex, linearly-constrained region defined as follows.

Definition 3: The constrained Voronoi cell around each
point z; € Sk is consists of all points in B that are closer to
Zx than to any other point in x; € S;:

Vizr) = {x e Bl lx—zlly < e =xjllp, Yoj€8h, (5)

where V(z;) represents the constrained Voronoi cell of z.

Algorithm 2 The new hybrid optimization algorithm to min-
imize f(x) in the feasible domain B, leveraging a gradient-
based scheme to accelerate local refinement.

0. Initialize k =0, ¢ = £y, and the initial set of datapoints
So (confined to the grid By), and calculate f(x) for all
points in Sp.

1. Denote z; as the point in S; which minimizes f(x).
Calculate Vf(z), calculate or approximate V2f(z),
generate the local quadratic function g (x), and solve the
constrained quadratic program defined in (6) to obtain
X -

2a. If (7) is satisfied [i.e., if g(xx) <N (fo— f(zx)) + f(z)],
then determine y; as the quantization of x; on By.

2b. Otherwise [i.e., if (7) is not satisfied], calculate or up-
date the interpolating function py(x) and the uncertainty
function e (x) for the points in Sk, and find the minimum
of the search function (2), denoted £, in B. Determine
vk as the quantization of X on By.

3a. If y & Sk, take Sgy1 = Sx Uy, and calculate f(yx).

3b. Otherwise (i.e., if y; € S), refine the mesh, ¢ < /+ 1.

4. Repeat from step 1 until convergence.

Taking Qi = V(zx), the quadratic programming problem
in (4) may now be rewritten as

X; = argmin g (x) subject to  x € V(z). (6)

We now present, in Algorithm 2, a hybrid optimization
algorithm combining Algorithm 1 and the modified-trust-
region-based derivative-free optimization method described
above. At each iteration, either the quantization of the min-
imizer (in B) of the search function (2), or the quantization
of the solution to the quadratic programming problem (6)
(in the modified trust region V(zx), given by the Voronoi
cell surrounding z), is added to S;. For obvious reasons,
the first case is called a global exploration iteration, and the
second case is called a local refinement iteration.

The indicator used in Algorithm 2 to select between global
exploration and local refinement is the following:

ax() <1 (fo— () + £ (z0). ™

If (7) is satisfied, the process of local refinement at this
iteration is deemed to be sufficiently promising that it might
ultimately lead to a local value of f(x) < fp, and thus a
(derivative-based) local refinement step is performed; other-
wise, a (derivative-free) global exploration step is performed.
A single parameter n with 0 < n <1, called the reduction
factor, is used in this indicator function.

A. Constructing the local quadratic model

We now discuss the construction of the local quadratic
function g (x). The approach used is based on Quasi-Newton
methods, which construct a locally quadratic approximation
of the objective function,

e(x) = 1(26) + V()T (v—20) 4 5 (20T Hilx =), @
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Fig. 2: The quadratic model g (x), indicated as red, is a better
approximation of the (unknown) objective function f(x)
inside the modified trust-region (the Voronoi cell surrounding
the best computed point). However, g (x) fails to capture the
“global trends” of f(x). On the other hand, the surrogate
(interpolation) function p(x), indicated as blue, much better
summarizes these trends globally, thus motivating our hybrid
approach. Note that the target value fy is indicated as green.

with the Hessian H; approximated based on recent gradient
computations; this approach can ultimately result in an algo-
rithm with superlinear convergence. In the present work, we
use the venerable BFGS method [6] for the construction of
Hj. In the implementation of our hybrid approach, the matrix
H, is reinitialized by the identity matrix at any iteration for
which the test (7) fails. For each iteration for which the
test (7) does not fail, and that a point y; is obtained such
that f(yx) < f(zx), the matrix Hy is updated via the standard
BFGS formula as follows:

YZ’Yk - dekdkTHkT
Hip1 = Hy+ < vl di dl Hydy

0 otherwise,
%= V) —VI(z)
IV. ANALYSIS

it 7 dy >0,
i 1 di (9a)

dr = yi — 2k, (9b)

In this section, we analyze the convergence properties of
Algorithm 2. Under the appropriate assumptions, we will
establish two main properties:

1. If the target value is achievable, the algorithm will either
(a) find a feasible point with objective function value
less than or equal to fj in a finite number of iterations,
or (b) if an infinite sequence of points is generated, there
will be a limit point amongst the datapoints computed
with a function value equal to fj. This property is called
target achievability.

2. The algorithm will converge to a KKT point [6] for the
objective function f(x). This property is called local
minimum convergence.

It is established in [13] that Algorithm 1 has the target
achievability property; however, Algorithm 1 does not guar-
antee local minimum convergence. We will establish both
properties for Algorithm 2, subject to the following assump-
tions on the objective function f(x) and the interpolant p* (x):

(b) Global exploration using A-DOGS

Fig. 3: The two possible scenarios when evaluating (7). In
both subfigures, the red circle denotes the x location of
the minimum of ¢ (x) within V(z), as suggested by local
refinement, whereas the blue circle denotes the x location
of the minimum of s(x) within B, as suggested by global
exploration. In (a), a local refinement step will be taken, and
in (b) a global exploration step will be taken.

Assumption 1: The interpolating function p*(x), objective
function f(x), and p¥(x) — f(x) are Lipschitz with the same
Lipschitz constant L in B.

Assumption 2: A constant K > 0 exists for which

VHf(x) = p*(x)}+2KI >0, YxeBandk>0, (10)
Vi{p*(x)} —2KI <0, VxeBandk>0, (I1)
V2{f(x)} —2KI<0,Vx€B. (12)

Moreover, the gradient of f(x) is Lipschitz with constant K.
Assumption 3: The local quadratic function g (x) and its
derivative Vg (x) are Lipschitz with constant L inside B.

A. Establishing target achievability of Algorithm 2

By construction, each step of Algorithm 2 is either a local
refinement step or a global exploration step. For each mesh
refinement iteration of Algorithm 2, there are two possible
cases:

(a) Condition (7) is satisfied, or
(b) Condition (7) is not satisfied, but y; [the quantizer of
the minimizer of s;(x)] is located in Si. See Fig. 3.

It is noted in §5 of [13] that, if an infinite number of steps
are taken, then an infinite number of mesh refinement steps
are taken; there are thus either an infinite number of mesh
refinement steps of the first type above, or an infinite number
of mesh refinement steps of the second type above (or, both).
Also, by §5 of [13], if there are an infinite number of mesh
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refinement iterations that are of the second type above, then
Algorithm 2 converges to a point such that f(x) < fp.
We will now show target achievability when there are an
infinite number of mesh refinement steps that satisfy (7).
Theorem 1: If there are an infinite number of iterations k
in Algorithm 2 which are mesh refinement and satisfy (7),
then
lim £(z) < fo. (13)
Proof: Consider k as an iteration of Algorithm 2, which
is a local refinement step and also mesh refining. Then

f(z) —q(a) = n(f(z) — fo)-

Since q(zx) = f(z), and g(x) is Lipschitz with constant Z,
then

(14)

1.
flz) = fo < ELHZk—kaa

On the other hand, step k is mesh refinement. Thus, the
quantizer of x; is in S;. However, by construction yj; is in
the Voronoi cell of z;. Therefore, z; is a quantizer of xi, and

(15)

f@)—fo< EL%,

where &, is the maximum discretization error at iteration
k. Since there is an infinite number iterations like k, (13) is
shown. [ ]

We have thus established that Algorithm 2 will achieve
the target value. Moreover, if at one iteration we achieve
the target value, then all remaining iterations are local
refinement iterations. In the next section, we establish the
local minimum convergence of Algorithm 2.

B. Establishing local minimum convergence of Algorithm 2

We first make a few useful definitions.

Definition 4: Define x; as the solution of the quadratic
programming problem (6) at iteration k. There are two
possible types of binding constraints at x:

a. Constraints on the feasible domain B. These constraints

are called domain-sharing active constraints.

b. Constraints on the Voronoi cell of z;. These constraints

are called Voronoi-sharing active constraints.

Definition 5: Consider S = {V,Vi,Va,...,V,} as an
affinely independent' subset of the vertices of a unit n-
dimensional hypercube. Then we construct a matrix A as
a matrix whose ’th column is a; = (V; = Vo)/||V; — Vo||. By
construction, A is nonsingular. Then, the hypercube scaling
factor p is defined as the inverse of the minimum possible
value for Opiy(A) (the minimum singular value of A) over
all possible subsets of S.

Note that, for each z € range(A), defined in r-dimensional
space, such that ||z|| = 1, there is a unique vector & € R’ s.t.

Aa=z lall<p, Y lal=ip<ap.

i=1
Lemma 1: Consider k as an iteration of Algorithm 2
which is a mesh refinement; then

Ys={50,51,...,84} is affinely independent if {s; —so,...,5¢ — S0} are
linearly independent.

1. Domain-sharing and Voronoi-sharing constraints are or-
thogonal.

2. Consider a as the normal vector of a Voronoi-sharing
active constraint; then

la"Vf(x)| <2K8,, (16)

where &7, is the maximum discretization error at step
k.

3. Consider b as an outward-facing normal vector of a
Domain-sharing active constraints; then

'V f(x) > —Kdy,. (17)

4. Consider ¢ as a normal vector which is perpendicular
to all active constraints at xy; then

I'VFx)| <Ky, (18)

5. Consider d as a unit vector which is parallel to the
Domain-sharing active constraints at xy; then

ld"V )| <(1+vnp)K &, (19)

where p is the scaling factor of the unit hypercube.

Proof: We first show Property 1. Consider H; as a
boundary of a Voronoi-sharing active constraints, then there
is a point wy € Sk, such that ||xx — z¢| = ||wx — z||- By
construction, the vector z; — wy is orthogonal to H;. Since
step k is a mesh refinement, both z; and wy are quantizers of
Xi. As a result, according to the construction of the Cartesian
grid [13], all domain-sharing active constraints like H, are
active at both wy and z;. Thus, wy and z; lie on the boundary
of H,, which establishes Property 1.

To show Property 2, we demonstrate (16) is valid, where

a is the normal vector of H;. According to the mean value
theorem, there is a point £ on the line between z; and wy
such that

V(&) (wi—z)

HWk—ZkH

S =f)
oo =zl

Since z; has the minimum objective value in Sk, then
J(wi) = f(z). Thus,

VA (wk =)

> 0. 1)
[Iwie =zl

Moreover, the function V f(x) is Lipschitz; thus,

Vi(z)" (W —z)

> —K|lze —wil| > —2K||ze — x| (22)
[lwi — zx]|

On the other hand, x; is the solution of the quadratic
programming problem (6), which is on the constraint H.
Moreover, z; and wy are infeasible and feasible, respectively,
with respect to this constraint. Further, (wy —z¢)/||wr — 2|
is normal to the boundary of Hj, and goes out of the Voronoi
cell. As a result,

Va(z)" (wie —z)
Wi — z«||

<0.

(23)
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Since Vgi(x) is Lipschtiz with constant K, and Vf(z;) =
Vi (zk), it follows that

V()" (wi—z)

< K2k — x|
Wi — 2|

(24)
Since iteration k is mesh decreasing, Property 2 is estab-
lished.

To show Property 3, consider b as an outward-facing
normal vector of a domain-sharing active constraint H».
Since x; is the solution of the quadratic programming (6),

b"Vai(x) <0. (25)

Since Vqi(zx) = Vf(zx) and Vgi(x) is Lipschitz with con-
stant K, Property 3 is established.

To show Property 4, since x; is the solution of the
quadratic programming (6), then

V() =0, (26)

Similarly, since Vqi(zx) = Vf(zx), and Vgi(x) is Lipschitz
with constant K, Property 4 is established.
Finally we consider Property 5. By construction, d can be
written as
-
d=d +dy where dy =) o, (27)
i=1
where g; are the normal vectors of the Voronoi-sharing active
constraints, and ¢ is a vector which is perpendicular to the

domain-sharing active constraints at y;. Using (16) and (18),
and the triangular inequality, we have:

"V f(z)| < 8, [2K Y |ai| + K|z ]
i=1

Furthermore, ||d|| =1, and d; and d> are orthogonal; thus,
ldi]] <1, ||da]| <1, and

,
"V f(z)| < K6, [2 ) |ou]+1].
i=1
On the other hand, a; is a vector normal of a boundary of
the Voronoi cell of z;. Therefore, there is a point, w; € Sk,
such that ||y — z¢|| = ||lyx — wil|. Moreover, since iteration &
is a mesh refinement, then {zj,w;,ws,...,w,} are distinct
quantizers of x;. As a result, they are located at the vertices
of a hypercube. In other words, the a; are the vectors obtained
by connecting one vertex of a uniform hypercube to the other
vertices; thus, Y/, |a;| < /np, which establishes Property
5. ]

We now prove the local minimum convergence of Algo-
rithm 2.

Theorem 2: Considering {ki,ks,...,} as the mesh de-
creasing steps of Algorithm 2, then all limit points of the
set T = {zx,,2k,,-.- } are KKT points for the optimization
problem (1).

Proof: Consider z as a limit point for the set 7. Then
there is a subset of T like {z4,,24,,..- }, such that

lim z,, = z. (28)

k—yo0

By construction, there is an open ball around z, which does
not intersect any boundary of B that does not contain z. Thus,
there is a ko such that for k > ko, and z,4, could lie only on
the boundaries of B that include z. Furthermore, since z;, is
the quantization of x4, Au(yg,) € Aa(z), where A4(x) is the
matrix whose rows are the set of active constraints at x in
B. As a result, according to Lemma (1), for all K > K,

P Vf(zg)| < (1+Vnp)K &y, ,Vp € null(A,)  (29)
P'Vf(zg) > —(1+v/np)K &, ,Vp € row(A,)  (30)
Since 5qu converges to zero, z is a KKT point [6]. |

V. RESULTS

In this section, we compare the performance of (a) the
original Algorithm 1, (b) Algorithm 2 with steepest descent
applied for local refinement, (c) Algorithm 2 with the BFGS
formula applied for local refinement, and (d) the active-
set, derivative-based, method of [6]. The function considered
is the n-dimensional Styblinski Tang function, which is a
benchmark test for global optimization:

" xf' — 16)51-2 +5x;

fy=y 1

where L= {x|-5<x; <5}

—39.16616n, 31)

An initial grid level of ¢y = 3 is considered, and the algorithm
continues until the grid level of £ = 8 is terminated. Note that
the optimizations are terminated when ||x; —x;||, <0.005 for
all x; € i, which leads to a comparable order of accuracy
for methods (a), (b), and (c) (i.e. the maximum discretization
error level ¢ =8 is close to 0.005). The initial datapoints in
89, are constructed with n+ 1 points as follows:

b,-fa,-

S% = {X()7x0+ei7ViE {1727,71}}

= (32)

For each i, ¢; is the i main coordinate direction, and xy is
an initial point on the grid of level ¢y. In this section, we
consider two different points of xo for the initialization of
Algorithms 1 and 2, as shown in Figs. 4 and 6.

Fig. 4 illustrates the position of the datapoints that are used
during the optimization process for n = 2. With initial points
(x0 = 0.55,x9+0.2¢;), which are far from all local minima,
Algorithm 2 focuses on global exploration; as a result, the
number of function evaluations required for convergence is
similar to that required by Algorithm 1.

Conversely, with an initial point that lies close to a local
minimum, Algorithm 2 performs a much more efficient
local refinement than Algorithm 1, resulting in much faster
convergence. Table I reports noticeable differences that indi-
cate significant advantages for using Algorithm 2 in higher
dimensional problems.

As described in §3.B, the local refinement of Algorithm 2
can incorporate either gradient information or an approx-
imation of the Hessian using the BFGS update formula.
Table I demonstrates, as expected, that using the Hessian
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(a) Algorithm 2 w/ BFGS, n =0.5.

(b) Algorithm 1.
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ok

(c) Derivative-based method [7].

Fig. 4: Optimization in the case of exact fy = f(x*) =0, with n = 2. The black stars are support points (see [13]) that are not
actually evaluated, and are only used to regularize the Deluanay triangulation constructed. The white squares are the points
at which function evaluations are performed. The darker contours indicate lower values of the objective function whereas
the lighter contours indicate higher values. Note that case (c) prematurely converges to a local minimum after 23 iterations.

70

0 20 40 60 80 0 20 40 60 80 100

(a) Algorithm 2 w/ BFGS, n =0.8.
Fig. 5: Exact fy = f(x*) =0, with n=4.

(b) Algorithm 1.

TABLE I: Algorithm 2 with n = 0.8, and with steepest
descent and BFGS for local refinement, vs. Algorithm. 1.
Results averaged over 5 different initial values in each case.

Average # fun. eval. / Dimension n=2|n=3|n=4
Algorithm 1 A-DOGS [13] 22.5 49 98.5
Algorithm 2 with BFGS 25 38 77.8
Algorithm 2 with steepest descent 27.2 61.2 59.4

approximation generally has a superior convergence rate as
compared with using steepest descent. Additionally, it is
observed that the accuracy of the solution is significantly
improved for a fixed number of function evaluations when
the BFGS update formula is used. As expected, in the case
of Hessian approximation, the grid By, is refined faster than
when using gradient information only.

Algorithm 2 with gradient descent in some situations got
stuck at a local solution, and performed many unnecessary
function evaluations before starting to explore more globally.
Due to this issue in some specific situations Algorithm 2 with
gradient descent becomes more computationally expensive
than Algorithm 1 and Algorithm 2 with BFGS.

In the case that the estimated solution, fy, is greater
than the global solution, f(x*), we see another significant
advantage of Algorithm 2 over Algorithm 1. Algorithm
1 persists in using global search to find fy, and stops
without convergence using local refinement; thus it does not

#
*

A b v 4o 4 v _w s

ok

[ H ] 0o "
(a) Algorithm 2 w/ BFGS, n =0.8.

Fig. 6: Target achievability with fo =20 > f(x*) = 0. In this
situation, Algorithm 2 can guarantee the convergence to a
local solution; however, Algorithm 1 does not guarantee to
find a local solution. See Figure 4 for description of plots.

(b) Algorithm 1.

guarantee to even find a local solution when fy > f(x*). On
the other hand, Algorithm 2 continues its local refinement
until it converges to a KKT point. This is illustrated in Fig.
6. Finally, the derivative-based method converges to a local
solution Fig. 6(c).

The cost of computing a Delaunay triangulation grows
exponentially as the dimension of the problem grows. Using
Algorithm 2 with a good initial guess, the new algorithm can
converge to the global solution with a reasonable number of
function evaluations even up to n = 8, as shown in Fig. 7.

The parameter 1 specifies the trade-off between global
exploration and local refinement. It is desirable to decrease n
as the dimension of the problem is increased to emphasize lo-
cal refinement, as derivative-free global exploration becomes
computationally expensive in high-dimensional problems.
In the case of a low-dimensional problem (n < 6), the
performance of the algorithm is not unduly sensitive to the
choice of 7m, and in these cases we have taken 1 = 0.8
in the simulations reported here . As the dimensionality
of the problems was increased, we generally found that
reducing the value of 1 was beneficial, in order to focus
more heavily on local refinement. The optimal value of 1 for
any given problem is likely closely related to some measure
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Fig. 7: Algorithm 2 with BFGS applied to example problems
with different initial points. (a) n =7, 1 = 0.4, 106 local
refinement steps, 11 global exploration steps, and 7 times
mesh refinement steps, with 8 initial points {xo; =0.13,xp,;+
0.le;}. (b) n=8, n =0.1, 36 local refinement steps, 11
global exploration steps, and 8 mesh refinement steps, with
9 initial points {xp; = 0.4,x0;+0.1¢;}. Note that optimiza-
tions in these higher dimensions was simply not possible
using Algorithm 1, due to the high computational cost of
computing Delaunay triangulations in these dimensions.

of the curvature of the objective function over the feasibility
domain. Unfortunately, this quantity would almost never be
known in advance, and we therefore suggest tuning it based
on a minor amount of trial and error on related problems.

VI. CONCLUSIONS

This paper introduces a modification to the Delaunay-
based derivative-free optimization algorithm scheme A-
DOGS, as proposed in [13], [14], incorporating gradient
information to accelerate local refinement. The new scheme,
Algorithm 2, has three main modifications as compared with
the original A-DOGS algorithm:

e A criterion, (7), for the anticipated reduction due to a
local refinement step is introduced to decide between
taking a derivative-based local refinement step or a
derivative-free global exploration step at each iteration.
This criterion has an adjustable parameter 1; values in
the range 0.5 <7 < 0.8 were found to be effective.

e A new derivative-based local optimization method
is used leveraging a modified trust region approach
based on the Voronoi cell of the available datapoints
constrained to the (bound) feasible domain. To guar-
antee convergence, all of the datapoints computed are
coordinated by a grid, with this grid being successively
refined as the optimization algorithm proceeds.

e To accelerate the convergence of local refinement
scheme and the hybrid method that uses it, Algorithm
2, the Hessian of objective function is approximated via
the usual BFGS formula.

Proof of global convergence of the new scheme, under the
appropriate assumptions, is established. Further, in the nu-
merical experiments we have performed thus far, Algorithm
2 is found to significantly accelerate local convergence,
to handle efficiently nonconvex functions with many local
minima, and to scale better with dimension than purely
derivative-free global optimization approaches.

In future work, this framework will be applied to various
additional benchmark problems as well as application-based
problems, e.g. [18], [20]. In many online application-based
optimization problems, the desire is to find as good a
solution as possible within a specific time horizon. Certain
modifications of 1 and fp as the time horizon runs out might
well be warranted in such situations.

ACKNOWLEDGEMENT

The authors gratefully acknowledge funding from AFOSR
FA 9550-12-1-0046 in support of this work.

REFERENCES

[1] Torn, A., & Zilinskas, A. (1989). Global optimization. Springer-Verlag
New York, Inc..

Stephens, C. P.,, & Baritompa, W. (1998). Global optimization requires
global information. Journal of Optimization Theory and Applications,
96(3), 575-588.

Conn, A. R., & Le Digabel, S. (2013). Use of quadratic models with
mesh-adaptive direct search for constrained black box optimization.
Optimization Methods and Software, 28(1), 139-158.

Wild, S. M., Regis, R. G., & Shoemaker, C. A. (2008). ORBIT:
Optimization by radial basis function interpolation in trust-regions.
SIAM Journal on Scientific Computing, 30(6), 3197-3219.

Schonlau, M., Welch, W. J., & Jones, D. R. (1998). Global versus
local search in constrained optimization of computer models. Lecture
Notes-Monograph Series, 11-25.

Nocedal. J & Wright. S.J.: Numerical Optimization, Springer (2006)
Gill, P. E., & Wong, E. (2015). Methods for convex and general
quadratic programming. Mathematical Programming Computation,
7(1), 71-112.

Jones, D. R., Schonlau, M., & Welch, W. J. (1998). Efficient global
optimization of expensive black-box functions. Journal of Global
optimization, 13(4), 455-492.

Booker, A. J., Dennis Jr, J. E., Frank, P. D., Serafini, D. B., Torczon,
V., & Trosset, M. W. (1999). A rigorous framework for optimization
of expensive functions by surrogates. Structural optimization, 17(1),
1-13.

Beyhaghi, P., Cavaglieri, D., & Bewley, T. (2015). Delaunay-based
derivative-free optimization via global surrogates, part I: linear con-
straints. Journal of Global Optimization.

Beyhaghi, P., & Bewley, T. (2016). Delaunay-based derivative-free
optimization via global surrogates, part II:convex constraints. Journal
of Global Optimization.

Alimo, S. R., Beyhaghi, P, & Bewley. T. : Delaunay-based Derivative-
free Optimization via Global Surrogates, Part III: nonconvex con-
straints. Journal of Global Optimization. Under review.

Beyhaghi. P., & Bewley. T.: Implementation of Cartesian grids to
accelerate Delaunay-based Optimization. Journal of Global Optimiza-
tion. Under review.

Alimo, S. R., Beyhaghi, P., & Bewley, T. : Implementation of dense lat-
tices to accelerate Delaunay-based optimization. Optimization Meth-
ods and Software Journal, Under review.

Alimo. S. R., Cavaglieri, D., Beyhaghi, P., & Bewley, T. R. : Dis-
covery of an IMEXRK time integration scheme via Delaunay-based
derivative-free global optimization, J. Opt. & Eng. Under preparation.
Alimohammadi, S., Beyhaghi, P, Meneghello, G., & Bew-
ley, T. (2017): Delaunay-based optimization in CFD leverag-
ing multivariate adaptive polyharmonic splines (MAPS). In 58th
AIAA/ASCE/AHS/ASC Structures, Structural Dynamics, and Mate-
rials Conference (p. 0129).

Gramacy, R. B., & Lee, H. K. H. (2008). Bayesian treed Gaussian
process models with an application to computer modeling. Journal of
the American Statistical Association, 103(483), 1119-1130.

Snoek, J., Larochelle, H., & Adams, R. P. (2012). Practical bayesian
optimization of machine learning algorithms. In Advances in neural
information processing systems (pp. 2951-2959).

Conway, J. H. & Sloane, N.J.A. (1998) Sphere packings, lattices and
groups. Grundlehren der mathematischen Wissenschaften.
Alimohammadi, S., & He, D. (2016, July). Multi-stage algorithm for
uncertainty analysis of solar power forecasting. In Power and Energy
Society General Meeting (PESGM), 2016 (pp. 1-5). IEEE.

(2]

[3]

(4]

(51

(6]
(71

(8]

[91

[10]

(11]

(12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

2538

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on February 08,2025 at 17:58:57 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


