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We presenta noncausalframework for model-basedfeedbackstabilizationof a largeclassof spatially-
developing boundary-layerflow systems. The systemsconsideredare (approximately)parabolicin the
spatialcoordinatex. This facilitatesthe applicationof a rangeof establishedfeedbackcontrol theories
which arebasedon the solutionof differentialRiccati equationswhich marchover a finite horizon in x
(ratherthanmarchingin t, ascustomary).However, unlikesystemswhichareparabolicin time, thereis no
causalityconstraintfor the feedbackcontrolof systemswhich areparabolicin space;that is, downstream
informationmaybeusedto updatethecontrolsupstream.Thus,a particularactuatormaybeusedto neu-
tralizetheeffectsof a disturbancewhich actuallyentersthesystemdownstreamof theactuatorlocation.A
numerically-tractablefeedbackcontrolstrategy is formulatedwhichtakesadvantageof thisspecialcapabil-
ity of feedbackcontrol rulesin thespatially-parabolicsettingin orderto minimizea globally-definedcost
functionin aneffort to maintainlaminarboundary-layerflow. Wecomputethestate-feedbackcontrolgains
at severalspanwisewavenumbersβ. We theninversetransformtheresultto obtainspatialconvolutionker-
nelsfor determiningthecontrolfeedback.Theeffectivenessof thecontrolscomputedusingthesefeedback
kernels,whicharewell resolvedonthecomputationalgrid andspatiallylocalizedin thespanwisedirection,
is testedusingdirect numericalsimulationof the boundary-layerflow system. A significantdampingof
the flow perturbationis observed, which is of the sameorderas the dampingthat ariseswhenapplying
significantlymoreexpensiveiterativeadjoint-basedcontroloptimizationschemes.
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1 INTRODUCTION

1 INTRODUCTION

This paper considers the feedback estimation
and control of small, spatially-developing, three-
dimensionalperturbationsto a thin laminarbound-
ary layer in a viscouswall-boundedflow. Control
is appliedvia a blowing/suctiondistribution over a
portion of the wall, andstateestimationis accom-
plishedvia measurementsof skin friction andpres-
sure distributed over the sameregion. The wall-
normal direction is taken to be y and the leading
edgeof the surface,which might be blunt, is near
the line definedby x � y � 0; the wall thus lies in
the half plane

�
y � 0 � x � 0 � . In the specialcaseof

an unsweptflat plate,the streamwisedirection is x
andthespanwisedirectionis z. More generally, the
leadingedgeof the surfaceover which the bound-
ary layer developsmay be swept,and the surface
maybeinclinedand/orcurvedin thex-y plane.The
curvilinear coordinatesystemis fitted to the body
suchthatthesurfaceis definedby

�
y � 0 � x � 0 � even

when the leadingedgeis sweptand the surfaceis
curved. Specialcasesof interest included in the
framework presentedhereinclude the stabilization
of the Blasius,Falkner-Skan,Falkner-Skan-Cooke,
andGörtler familiesof boundary-layerflows.

An importantcharacteristicof laminarsystemsof
this type is that they areessentiallyindependentof
time (time variationsin thesystemmodelareeasily
accountedfor by gradualvariationof theinflow con-
ditionsandtheexternaldisturbances),andtheequa-
tionsthatgovernthem,subjectto thecorrectapprox-
imations,areparabolic in x.

Hill 13 pointed out the role of adjoint systems
in the local receptivity problemfor boundary-layer
flow systems. By using an iterative adjoint-based
optimizationstrategy, Luchini13 and Anderssonet
al.2 found the worst–case(a.k.a. “optimal”) per-
turbationsof the boundary-layerflow that leadto a
maximumenergy growth of the perturbations.Iter-
ative (adjoint-based)control optimizationstrategies
for boundary-layerflow systemsareappropriatefor
open-loopcontrol optimizations,andarebeginning
to seesuccessfulapplicationsin this regard. For
recentreviews of this line of research,see22� 7 � 17.
However, it is computationallyquitedifficult (if not
impossible)to apply iterative, adjoint-basedcon-
trol optimizationstrategiesin theclosed-loopsetting
to neutralizethe effectsof the randomflow distur-
bancesthatarisein nature.For suchproblems,feed-
back control strategies which can respondquickly
andin a coordinatedfashionto measurementsof the

flow systemarenecessary.

There is a large body work in the controls lit-
eratureon the feedbackestimationand control of
systemswhich areparabolicin time. Of particular
interestfor non-normalsystems,suchas thoseof-
ten encounteredin fluid mechanics,is the fact that�

2 � � ∞ control theory, which is quite well suited
to suchsystems,is now well understoodfor both
infinite-horizonandfinite-horizoncontrolproblems,
andis discussedin detail in standardtextbooks(see,
e.g.,9). Applications of this and relatedfeedback
control theoriesto fluid-mechanicalsystemsgener-
ally reducethe non-normalityof the systemeigen-
vectorsby closingthefeedbackcontrol loop (see5),
thereby rendering such systemsmuch better be-
haved.Thoughsubtleissuesrelatedto theinfinite di-
mensionandinflow/outflow conditionsmaketheap-
plication of establishedfeedbackcontrol strategies
to suchsystemsnontrivial, significantprogresshas
beenmadein recentyears. For a recentreview of
this active areaof research,see4. Thepresentpaper
developsaclosed-loop,Riccati-basedfeedback con-
trol strategy (as opposedto an open-loop,adjoint-
basedcontrol optimizationstrategy) for a spatially-
developingboundarylayerflow system.Thepresent
work differs from all previous investigationsof the
Riccati-basedfeedbackcontrol of fluid systemsin
that it leveragesthe parabolic evolution of bound-
ary layer flow systemsin spacein order to reduce
the dimensionof theRiccati equationsto be solved
in theformulationof thefeedbackcontrolequations
in order to make themnumericallytractable. This
providesan attractive alternative to the morecom-
monparallel flow assumption,alsoreferredto asthe
assumptionof “spatialhomogeneity”,or “spatialin-
variance”of thebaseflow, which facilitatestheuse
of Fouriertransformsto decoupletheproblemof the
control of flow perturbationsat eachwavenumber
pair. See3 � 4 � 5 � 12 for further discussionof this alter-
nativeapproach.

Control strategies for systems which evolve
parabolicallyin time must be causal; that is, they
mustdependonly onpresentandpastmeasurements
of theflow. However, controlstrategiesfor systems
which evolve parabolicallyin spacearenot limited
by sucha constraint;the control at a particularac-
tuatorlocationmaydependon measurementstaken
both upstreamand downstream. Thus, to exploit
theadditionalmeasurementinformationavailablein
this setting,a differentsetof toolsis neededfor this
problembeyondthestandardLQG (

�
2) framework

and “robustifying” extensionsthereof (
�

∞, LTR,
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2 GOVERNING EQUATIONS

etc.).Fortunately, many of thenecessarycontrolthe-
oretictoolsfor thepresentproblemwereessentially
laid out by Anderson& Moore1 and Middleton &
Goodwin15, thoughwith very differentapplications
in mind. Thepresentpaperdiscussestheseveralad-
ditionalconsiderationsnecessaryto synthesizethese
tools and apply them to boundary-layerflow sys-
tems.

Unlike recent efforts to develop decentralized
feedbackcontrolstrategiesfor boundary-layerflows,
which dependonly upon flow measurementsand
stateestimatesin theimmediatevicinity of any given
actuator, the presentapproachsacrificeslocaliza-
tion of the feedbackrules in the streamwisecoor-
dinatein order to achieve possiblysignificantper-
formanceimprovementsover that possiblewith lo-
calizedstrategies. Moving from the theoreticalfor-
mulation of an appropriatecontrol strategy for a
fluid systemto numericalimplementationandtest-
ing suchstrategy is oftennontrivial dueto somespe-
cial considerationsthatarerequiredto handleprop-
erly the infinite-dimensionalnatureand infinite or
semi-infinite spatial extent of fluid systems. The
problemessentiallyboilsdown to gettingthecontrol
feedbackgainsfor thePDEsystemto roll off suffi-
ciently rapidlyasafunctionof thespatialwavenum-
bers,and is akin to the issue(which controlsengi-
neersarealreadyfamiliarwith) of gettingthecontrol
feedbackto roll off sufficiently rapidly as a func-
tion of the temporalwavenumberin ODE systems,
as evidencedin a Bode plot. Significantprogress
hasalreadybeenmadeon this subtleissue,which
is discussedfurther in 18 for iterative adjoint-based
controloptimizationproblemsandin 12 for Riccati-
basedfeedbackcontrolcalculations.

2 GOVERNING EQUATIONS

Basedon the dimensionalcoordinates
�
x�	� y�	� z�
� ,

velocities
�
u��� v�	� w�	� , and pressurep� , we de-

fine thedimensionlessquantitiesx � x� � L,
�
y� z� ��

y�
� z�	� � δ, u � u� � Uo,
�
v� w � � �

v�
� w�	� Reδ � Uo,
and p � p� Re2

δ �
� ρU2
o � , whereUo is the freestream

velocity, ρ is thedensity, µ is theviscosity, ν � µ� ρ is
thekinematicviscosity, L is a referencestreamwise
length,δ ��� Lν � Uo is a referenceboundarylayer
thickness,andReδ

� Uo δ � ν is areferenceReynolds
number. Also, from thedimensionalradiusof curva-
ture r � of thesurfacein thex-y plane,we definethe
dimensionlesscurvatureparameterε � δ �
� r � � , the
Görtler numberG � Reδ � ε, anda sign function s

suchthats � 0 correspondsto a flat wall, s � 1 cor-
respondsto aconcavewall, ands ��� 1 corresponds
to aconvex wall.

In orderto apply the boundary-layerapproxima-
tion and to develop a linear set of equationsgov-
erning small perturbationsto the nominal (undis-
turbed)boundary-layerflow, we make thefollowing
assumptions:

A1: δ � L (i.e., Reδ � 1);
A2: δ � � r � � (i.e., ε � 1);
A3: G � O � 1� ;
A4: thenominal(undisturbed)flow is laminarand

steady.
Note that the boundary-layerapproximationof the
Navier-Stokesequationsisnotvalid in thevicinity of
the leadingedge.Thepresentwork avoids this sin-
gularity by consideringthe evolution of the system
only over the interval over which the control is ap-
plied,which we defineasx0 � x � L, wherex0 � 0.
In orderto developcontrol strategieswhich arenot
sensitive to errorsin the modelingof the flow up-
streamof x0, we will seekcontrol strategieswhich
areinsensitive to smallerrorsin thenominalinflow
velocityprofile.

Though not necessaryfor the application of
the present control approach, it is convenient
to approximatethe nominal boundary layer flow�
U � x � y� � V � x � y� � W � x � y� � by a profile of the

Blasius/Falkner-Skan-Cooke/Görtler family (see,
e.g.,8). Similarity solutions of this commonly-
occurring class of boundary-layerflows may be
foundby solvingthecoupledODEs

f � � ��� m � 1
2

f f � ��� m � 1 � f � 2 � � 0 � g� ��� m � 1
2

f g� � 0 �
f � 0� � f � � 0� � 0 � f � � ∞ �! 1 � g � 0� � 0 � g � ∞ �" 1 �
by definingU0

� xm andη � y � U0 � x, and taking
U � U0 f � � η � , W � W0g � η � , andV � � U0 � x # � 1 �
m� η f � � η � � � 1 � m� f � η �%$ � 2. Alternatively, for sys-
temsin which,e.g.,thecurvatureof thewall changes
graduallyasa function of x (aswith the flow over
a typical airfoil), the nominal boundary-layerflow
profile

�
U � x � y� � V � x � y� � W � x � y� � may be found via

straightforwardnumericalintegrationof thesteady-
stateboundary-layerequationsover the appropriate
geometry.

Small three-dimensionalperturbations to the
nominal flow,

�
u � x � y� z� � v � x � y� z� � w � x � y� z� � , are

governedby the linearizedNavier-Stokesequation.
As thesystemgoverningtheseperturbationsis linear
andhomogeneousin z, wemaydecouplethevarious
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4 SYSTEMDISTURBANCES

spanwisemodesof thissystemby takingtheFourier
transformof all perturbationvariableswith spanwise
variation (namely, the state,the controls,the mea-
surements,and the disturbances)in the z direction
(see,e.g.,5). In thepresentdiscussion,we therefore
considera particularFourier modeof the flow per-
turbations,andassigna variationin z of exp � � iβz�
to all of thesevariables.Oncethe control problem
is solvedfor a seriesof spanwisewavenumbers,in-
verseFourier transformof the feedbackgainslead
to feedbackconvolution kernelswhich arespatially
localizedin thespanwisecoordinate,asshown in §8
of this paper. Suchlocalizationin thespanwiseco-
ordinateof thefeedbackconvolutionkernelsgreatly
facilitatetheir practicalimplementation(for further
discussion,e.g.,3 � 4).

Following the analysis of Hall10, under the
boundary-layerassumptionsitemizedabove,thelin-
earized,nondimensionalequationsfor theflow per-
turbationsreduceto� Uu� x � Vuy � Uyv � iβWu � uyy � β2u � 0 �

Uvx � Vxu � � Vv� y � py
� iβWv � 2sG2Uu� vyy � β2v � 0 �

Uwx � Wxu � Vwy � Wyv � iβp � iβWw� wyy � β2w � 0 �
ux � vy

� iβw � 0 �
(1)

with theboundaryandinitial conditions:

u � w � 0 � v � vw � x� � at y � 0 �
u � v � w � 0 � at y � ∞ ��

u � v� w � � �
u0 � v0 � w0 �&� at x � x0 � (2)

wherevw � x� is the control velocity of blowing and
suctiondistributed over the wall on the strip x0 '
x ' L. Thepurposeof thecontrol in this problemis
to keeptheflow perturbationssufficiently small that
transitionto turbulenceis inhibited.

Define the normal vorticity η � � ∂u� � ∂z� �
∂w� � ∂x� andthecorrespondingdimensionlessform
η �(� iβu � wx � Re2

δ. We now combinethe govern-
ing equations(1) in suchawayasto determineaset
of two coupledequationsfor the perturbationcom-
ponentsof the normal velocity and normal vortic-
ity. The first of theseequationsis found by taking
the Laplacianof the secondcomponentof the mo-
mentumequation,substitutingtheexpressionfor ∆p
found by taking the divergenceof the momentum
equation,and applying continuity. The secondof
theseequationsis foundby taking thenormalcom-
ponentof thecurl of themomentumequation.Defin-

ing Dk � ∂k � ∂yk, theresultis)
Ẽ11 Ẽ12

0 Ẽ22* ∂
∂x

)
v
η * � )

Ã11 Ã12

Ã21 Ã22* )
v
η * �

(3)
whereẼ11

� U � D2 � β2 � � Uyy,
Ẽ12

�+� � 2i � β � #Uxy � UxD1 $ , Ẽ22
�,� U ,

Ã11
� �.- � Vyy

� β2V � D1 � Vyyy � Vy � D2 �
β2 � � VD3 � D4 � 2β2D2 � β4 � iβWyy

�
iβWD2 � iβ3W / , Ã21

�0� iβUy and

Ã22
�1-Ux � VD1 � D2 � β2 � iβW / .

3 STATE-SPACE FORMULA-
TION

We now perform a discretizationof the systemin
the y coordinateon a finite numberof discretiza-
tion pointswith theappropriategrid stretching.Let�
v � ηηη � denotethespatialdiscretizationsof

�
v� η � on

the interior of thedomain.Thederivative operators
Dk may be approximatedin this discretizationus-
ing any of a varietyof techniques,suchasfinite dif-
ferences,Pad́e,Chebyshev, etc. Definethematrices�
Ê11 � Ê12 � Ê22 � Â11 � Â12 � Â21 � Â22 � as the spatialdis-

cretizationsof
�
Ẽ11 � Ẽ12 � Ẽ22 � Ã11 � Ã12 � Ã21 � Ã22 � on

the interior of the domain using the chosentech-
nique,andthe vectorse11 anda11 to denotethe in-
fluenceof thenormalvelocityat thewall on,respec-
tively, theleft-handsideandright-handsideof thev
componentof thediscretizationof (3). Using these
discreteforms,it is straightforwardto express(3) in
thestate-spaceform

qx
� Aq � Bφ � (4)

q �324 v
ηηη
vw

56 � A � )
Ê 7 1Â Ê 7 1a

0 0 * � B � ) � Ê 7 1e
1 * �

Ê � )
Ê11 Ê12

0 Ê22* � Â � )
Â11 Â12

Â21 Â22* �
e � )

e11

0 * � a � )
a11

0 *.8
The control variable in this formulation is
φ � dvw � d x.

4 SYSTEM DISTURBANCES

To account for external systemdisturbancesand
modeling uncertainties,we now modify the state
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5 OPTIMAL CONTROL FORNONCAUSAL SYSTEMS

equation(4) by addingdisturbancesw to the right-
handside:

qx
� Aq � Bφ � Dw � (5)

wherethedisturbancevectorw dependson thespa-
tial coordinatex. Wedesireto developaglobalstrat-
egy in which thecontrolφ � x� mayactuallyrespond
to disturbancesw � x� actingover the entiredomain
underconsiderationx0 � x � L. To facilitatethis in
the standard(causal)setting,we first discretizethe
systemin x, thendefineanaugmentedstate

qa
k
� )

qk

qw
k * (6)

ateachstationxk
� x0 � k∆, k � 0 � 898:8 � N, where∆ �� L � x0 � � N representsthe grid spacingin x, qk

�
q � xk � , wk

� w � xk � , and

qw
0
� 2;;;4 w0

w1
...

wN

5�<<<6 � qw
1
� 2;;;4 w1

...
wN

0

5�<<<6 � 898:8 � qw
N
� 2;;;4 wN

0
...
0

5�<<<6 8
Note that the augmentedstate qa

k at a particular
streamwisestationxk needonly includethe distur-
bancesenteringthe systemdownstreamof that lo-
cation,astheinfluenceof thedisturbancesupstream
areaccountedfor in qk. Note alsothat we canex-
presstheevolution of qw

k in thediscretestate-space
form

qw
k= 1

� Adqw
k � Ad � 2;;;;;4 0 1 0

0 1
...

...
0 1

0 0

5�<<<<<6 �
(7)

wheretherelationbetweenwk andqw
k is

wk
� Mwqw

k � Mw �?> I 0 @9@9@ 0A 8(8)
By combiningequations(5), (7), and (8), we can
obtaina state-spaceformulationfor the augmented
stateqa. However, the inherently discretenature
of the evolution of our disturbancemodelqw com-
pels us to first derive a discreteformulationof the
stateequation(5). To accomplishthis, we approxi-
mate

�
A � B � q � φ � with

�
Ak � Bk � qk � φk � over theinter-

val xk � x ' xk= 1 for eachvalueof k, where,e.g.,
Ak

� A � xk � . Using this approximation(commonly
referredto asa “zero-orderhold”), we mayexpress
(5) in thefollowing “delta form”15:

δqk
� ΩkAkqk � ΩkBkφk � ΩkDkwk � (9)

where Ωk
� � 1� ∆ �CB ∆

0 exp � Akτ � dτ and δqk
�� qk= 1

� qk � � ∆. Note in particular that Ωk  I as
∆  0, andthusthe discrete-in-x relation(9) tends
towardsthe continuous-in-x relation(5) asthe grid
is refined. This behavior of the δ-formulationalso
follows for theRiccatiandLyapunov equationsthat
arisein the control andestimationproblemsin the
following sections,andis an appealingcharacteris-
tic of this particulardiscreteformulation. Note that
the calculationof the matrix exponentialnecessary
to determineΩk can be performedwith any of at
least19“dubious”techniques16. Oneof theleastdu-
biousof thesetechniques,which appearsto beade-
quatefor thepresentsystemfor sufficiently small∆,
is theso-calledscalingandsquaringmethod.
Combining(9), (7), and(8), we finally obtaina dis-
crete, causalstate-spaceformulation for the aug-
mentedstate,to whichstandardcontroltheoriesmay
beapplied:

δqa
k
� Aa

kqa
k � Ba

kφk (10)

where Aa
k
� )

ΩkAk ΩkDkMw

0 Ad * and Ba
k
�)

ΩkBk

0 * .

5 OPTIMAL CONTROL FOR
NONCAUSAL SYSTEMS

In the original PDE setting, our control objective
may be written as finding a feedbackcontrol rule
which minimizesthecostfunctionD �FE L

x0 G E ∞

0
� α2

1v� v � α2
2η � η � dy � α2

3v�wvw � α2
4φ � φH dx 8

Discretizingin x andy, thecostfunctionmaybeap-
proximatedbyD � N

∑
i I 0

∆ J � qa � �i Qaqa
i � α2

4 φ �i φi K � (11)

whereQa � )
Q 0
0 0* , Q � 24 α2

1 Is 0 0
0 α2

2 Is 0
0 0 α2

3

56
,

and Is is a diagonalmatrix with the corresponding
local grid spacingon theelementsof thediagonal.

Note that the techniqueof augmentingthe initial
statewith the disturbancesenteringthe entire sys-
temin (6) facilitatedtheconversionof thenoncausal
problemdescribedin theintroductioninto thecausal
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6 OPTIMAL ESTIMATION/
SMOOTHING

problemrepresentedby (10). Togetherwith thecon-
trol objective (11), a feedbackcontrol rule of the
form

φk
�,� Kk= 1qa

k (12)

may be found directly using standard“discrete-
time” optimalcontroltheory. In fact,asdiscussedin
Bitmeadetal.6, theRiccatiequationassociatedwith
this controlproblemmaybepartitionedin a conve-
nientfashionby defining

Kk
� > α2

4I � ∆B�kΩ �kΣ11
k ΩkBk A 7 1

B�kΩ �k > K1
k K2

k A �
K1

k
� Σ11

k � I � ∆ΩkAk � �
K2

k
� ∆Σ11

k ΩkDkM
w � Σ12

k � I � ∆Ad
k
� �

(13)
whereΣ11

k andΣ12
k solve the Riccati andLyapunov

equations

δΣ11
k
� Q � A�kΩ �kΣ11

k � Σ11
k ΩkAk � ∆A�kΩ �kΣ11

k ΩkAk
�� K1

k � � ΩkBk J α2
4I � ∆B�kΩ �kΣ11

k ΩkBk K 7 1
B�kΩ �kK1

k �
δΣ12

k
� A�kΩ �kΣ12

k �L# I � ∆A�kΩ �k $ J Σ11
k ΩkDkM

w� Σ12
k Ad / � � K1

k � � ΩkBk J α2
4I � ∆B�kΩ �kΣ11

k ΩkBk K 7 1

B�kΩ �kK2
k �

(14)
whereδΣk

�,� � Σk
� Σk 7 1 � � ∆. As ∆  0, equations

(14)tendtowardsthecorrespondingcontinuousRic-
cati andLyapunov equations(cf.15).

Finally, by combining(12) and(10), we canex-
pressφk asasimplefunctionof theinitial augmented
statevectorqa

0:

φk
� K0

k= 1 qa
0 � (15)

whereK0
k= 1

�,� Kk= 1 ∏k 7 1
i I 0 � Aa

i
� Ba

i Ki = 1 � .
6 OPTIMAL ESTIMATION/

SMOOTHING

By (15),weseethatwecanexpresstheoptimalcon-
trol distribution on x0 ' x ' L which minimizesthe
globally-definedcostfunction

D
asasimplefunction

of theupstreamflow perturbationq0 andthesystem
disturbancesw � x� betweenx0 andL. Thetaskwhich
remainsis to find a simpleway to obtaina goodes-
timateof qa

0 basedon theavailablemeasurementsat
thewall.
Definingthevectorµµµ asthemeasurementnoise,the

measurementsof thestreamwiseandspanwiseskin
friction andpressuredistributionsover thewall may
bewrittenas

y � x� � 2;;;;4 ∂u
∂y MMMM wall

� x�
∂w
∂y MMMM wall

� x�
p � wall � x�

5�<<<<6 � µµµ8 (16)

Note that applying the nondimensionalizationdis-
cussedpreviously to thedefinitionof η, to thecon-
tinuity equation,andto thewall-normalmomentum
equation,it is straightforwardto write

∂η
∂y MMMM wall

� � iβ
∂u
∂y MMMM wall

� 1

Re2
δ

∂
∂x

∂w
∂y MMMM wall

�
∂2v
∂y2 MMMM wall

� � 1

2U N 1Ow G � ∂U N 1Ow

∂x
δ1 � δy1 MM w � δ4 � δy4 MM w� β2 δ2

δy2 MMMM w P u � iβ
∂w
∂y MMMM wall

� U N 3Ow

2U N 1Ow

vw �
∂3v
∂y3 MMMM wall

� Q β2 � 1

Re2
δ

∂2

∂x2 R p � wall
� U N 1Ow

∂vw

∂x
�

(17)
wherethenotationδk � δyk MM w denotesthediscretiza-
tion of the k’ th derivative operatorevaluatedat the

wall andU N kOw thek’ th y-derivativeof U evaluatedat
thewall.
By neglectingthetermsin 1 � Re2

δ in (17),wecanex-
presstheskin friction andpressureat thewall as:2;;;;4 ∂u

∂y MMMM wall
∂w
∂y MMMM wall
p � wall

5�<<<<6 � Z q � Nφ � where (18)

Z � 2;;;;;;;4
0

i
β

δ1

δy1 MMMM w� i
β

δ2

δy2 MMMM w 1

2β2U N 1Ow G � ∂U N 1Ow

∂x
δ1

δy1 MMMM w � δ4

δy4 MMMM w � β2 δ2

δy2 MMMM w H1
β2

δ3

δy3 MMMM w 0

5 <<<<<<<6 M̃

� Zw �
N �324 0

0

1� β2U N 1Ow

56 � Zw
� 2;;;4 0 0 0

0 0
iU N 3Ow

2βU N 1Ow
0 0 0

5�<<<6 �
M̃ �S24 ) I

0* )
0
0* )

0
1*

0 I 0

56 �
6
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7 ROBUSTNESS

whereM̃q � )
ṽ
ηηη * andṽ denotesthey-discretization

of the normalvelocity that includesthe velocity at
thewall vw.
Using the relations(16) and (18), we can approx-
imate the vector of the wall measurementsy as a
function of the discretestatevector q, the control
variableφ, andthemeasurementnoiseµµµ:

y � Zq � Nφ � µµµ8 (19)

Applying the definition of the augmentedstateqa,
we maywrite (19)as

yk
� Zaqa

k � Nkφk � µk � (20)

where Za � � Z 0� . We now define the notation
q̂a

k Tm � q̂a � xk � xm � to denotethe estimateof qa � xk �
basedonthemeasurementsy � x� from x0 � x � xm.
Our aim is to calculatean estimateof qa

0 basedon
the measurementsy � x� for x0 � x � xN

� L (i.e.
q̂a

0 TN). This is a“smoothing”problem,and,giventhe
correctmanipulations,can be solved basedon the
solutionof a standardKalmanfilter. To solve this
problem,we first substitutethevalueof φk obtained
in (12) into the equations(10) and (20). Defining
Fk
� Aa

k
� Ba

kKk= 1 andHk
� Za

k
� NkKk= 1, we have

δqa
k

� Fkqa
k �

yk
� Hkqa

k � µµµk 8 (21)

Defining q̂a
0 T 7 1

� E � qa
0 � , thea priori estimateof qa

0,
andapplyingKalmanfilter theoryto thesystem(21),
we obtain the following evolution equationfor the
estimateq̂a

k T k 7 1

δq̂a
k T k 7 1

� Fkq̂a
k T k 7 1 � Lk

- yk
� Hkq̂a

k T k 7 1 / �
Lk
� � ∆Fk � I � PkH �k # ∆HkPkH �k � Cµ$ 7 1 � (22)

wherek � 0 � 1 � 2 � 898:8 N, andPk is solutionof theRic-
cati equation

δPk
� PkF �k � FkPk � ∆FkPkF �k � Lk #∆HkPkH �k � Cµ$ L �k �

(23)
whereP0 is anestimateof thecovarianceof thestate
qa

k at k � 0 andCµ is an estimateof the covariance
of the noiseµµµ; in practice,P0 andCµ are usedas
designparameterswhen developing the estimator.
Our problemactuallydiffersa bit from thefiltering
problem(22). In particular, theinformationwewant
to reconstruct,qa

0, mustbe obtainedfrom measure-
mentstaken on x0 � x � xN. In other words, we
seekto determinethevalueof q̂a

0 TN, not thevalueof

q̂a
N = 1 TN which canbeobtainedfrom (22). As in An-

dersonandMoore2, q̂a
0 TN canbeeasilyderivedfrom

the filter problempresentedabove by marchingthe
discreteequation

q̂a
0 T k � q̂a

0 T k 7 1 � ∆RkH �k J ∆HkPkH �k � CµK 7 1 - yk
� Hkq̂a

k T k 7 1 / �
(24)

whereRk satisfiestheLyapunov equation

δRk
� Rk � Fk

� LkHk � � � k � 0 � 1 � 2 � 8:898 N �
whereR0

� P0; note that q̂a
0 T 7 1

� E � qa
0 � as stated

previously.
Assuming that the initial state q0 is a random
variableuncorrelatedwith the disturbancesµµµk, it is
straightforward to partition this estimationproblem
aswe did previously with the control problem(see
AppendixA).

Wethusobtainq̂a
0 TN, which is thebestapproxima-

tion possibleof theinitial augmentedstateqa
0 given

all of themeasureddataonx0 � x � L. Thisestimate
of theaugmentedstateat x0 maythenbecombined
with the control relationship(15) to determinethe
optimal control basedon the available noisy mea-
surements.

7 ROBUSTNESS

In orderto maintaineffectivenessin thecontroland
estimationproblemseven in the presenceof ad-
verselystructuredstatedisturbancesand measure-
mentnoise,it is importantto analyzeandpossibly
supplementthe robustnessof our presentformula-
tion. The state-spaceformulation(10) of our prob-
lem hasthe peculiarfeaturethat the systemdistur-
bancesare included inside the statevectorqa

k. By
applyingstandard

�
2 control theoryto theproblem

(10), we determinethe mosteffective control φk in
responseto thestatevectorqa

k (thatis, thestateqk to-
getherwith theexternaldisturbancesbetweenxk and
xN). In other words, the control strategy responds
optimally to any disturbances(including thosewith
adversestructure)asthedisturbancesthemselvesare
partof theaugmentedstate.Thus,robustnessto ex-
ternaldisturbancesis “built in” to the presentstate
feedbackcontrolformulation.
In practice we don’t have any knowledge about
theseexternaldisturbances,andmustestimatethem.
Sincethedisturbancesarenow includedin thestate

7
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8 LOCALIZED CONVOLUTION KERNELS

vector qa, we must solve a standardstateestima-
tion problem(

�
2 or

�
∞). The solution of the ro-

bust estimationproblem is an
�

∞ filter that “ro-
bustly” estimatesthe informationrequiredto apply
thefull-information control law (12). Therearetwo
kinds of uncertaintiesin this problem: the uncer-
tainty causedby themeasurementnoiseandtheun-
certaintycausedby theunknown initial state,i.e. the
uncertaintyon thevalueof q̂a

0 T 7 1
� E � qa

0 � . This
�

∞
filtering problemmay be interpretedasa noncoop-
erative gamebetweentheestimator, which seeksto
find the bestestimateof φk, and nature,which si-
multaneouslyseeksto find the most hostile inputs
µµµk (measurementsnoise)andqa

0 (initial state).This�
∞ filtering problemmaybeexpressin the follow-

ing min-maxform:

min
q̂a

k

maxN qa
0 �µµµk O D � N 7 1

∑
kI 0

- � qa
k
� q̂a

k T k 7 1 � � K �k= 1QkKk = 1� qa
k
� q̂a

k T k 7 1 � � γ2 � yk
� Hkqa

k � � V 7 1
k � yk

� Hkqa
k � /� γ2 � qa

0
� q̂a

0 T 7 1 � � P 7 1
0 � qa

0
� q̂a

0 T 7 1 � �
whereγ � 0 representsaspecifiedperformancelevel
of the estimator, and Qk, P0 andVk are weighting
matriceschosenwhendevelopingtheestimator. The
evolution equationfor the estimateq̂a

k T k 7 1 remains
thesameasin (22)but with thefollowing filter gain
(seee.g.20� 21):

Lk
� � ∆Fk � I � Pk J ∆H �kV 7 1

k HkPk� I � ∆ � γ2K �k = 1QkKk= 1Pk K 7 1
H �kV 7 1

k �
(25)

where

δPk
� PkF �k � FkPk � ∆FkPkF �k �� ∆Fk � I � Pk

> 1� γ2K �k= 1QkKk= 1
� H �kV 7 1

k Hk AJ ∆PkH �kV 7 1
k Hk � I � ∆ � γ2PkK �k= 1QkKk= 1 K 7 1

Pk � ∆Fk � I � � �
(26)

wheretheinitial conditionof theRiccatiequationis
P0. The weighting matrix P0 quantifiesthe uncer-
tainty in theinitial conditionsqa

0. In the
�

∞ setting,
theestimatêqa

k T k 7 1 of qa
k hastheinterestingproperty

that q̂a
k T k 7 1 dependson the control gain Kk = 1. This

impliesaone-waycouplingbetweenthecontroland
estimationproblems,andit is necessaryto solve the
controlproblemfirst. Note that this couplingis not
apparentin theKalmanfilter (23), in whicha “sepa-
rationprinciple” applies.
As we did previously, we may againderive the so-
lution of thesmoothingproblemfrom theassociated

filtering problem.Weobtainthefollowing evolution
equationfor q̂a

0 T k:
q̂a

0 T k � q̂a
0 T k 7 1 � Rk J ∆H �kV 7 1

k HkPk � I � ∆ � γ2K �k = 1QkKk= 1Pk K 7 1

H �kV 7 1
k

- yk
� Hkq̂a

k T k 7 1 / �
(27)

for k � 0 � 1 � 2 � 8:898 N, where:

δRk
� RkF �k � Rk

> 1� γ2K �k= 1QkKk = 1
� H �kV 7 1

k Hk AJ ∆PkH �kV 7 1
k Hk � I � ∆ � γ2PkK �k= 1QkKk= 1 K 7 1

Pk � ∆Fk � I � � �
(28)

R0
� P0, andq̂a

0 T 7 1 is theinitial conditionof (27).

8 LOCALIZED CONVOLU-
TION KERNELS

Figure 1: Isosurfacesof K0 U x V yV zW (left) relating the
streamwisecomponentof thevelocityu U x X 0 Y 5 V yV zW , and
(right) relatingthewall–normalcomponentof thevelocity
v U x X 0 Y 5 V yV zW to the control input φ U x V z X 0W . Note the
controldomainextensionin x = Z 0 Y 5 V 0 Y 8[ .

By inverseFourier transformingthe gain matri-
cesK0, weobtainconvolutioncontrolkernelswhich
are spatially localized in the spanwisedirection z
(see3 � 12). Physically, this meansthat the control at
aspanwiselocationzdependsonly on theinputper-
turbation in the vicinity of this spanwiselocation.
Figure 1 depict representative convolution kernels
relatingthestreamwiseandwall–normalvelocityof
perturbationat x0

� 0 8 1 to the control input on the
wall asa result of the presentcontrol formulation.
To obtain the control at the wall positionxk andz,
we simply convolve the kernel in the planeat the
streamwiselocation xk with the input perturbation
qa

0 in the vicinity of the spanwiselocationz, asde-
pictedin Figure2. As expected,theconvolutionker-
nelsdepictedin Figure1 donotexhibit spatiallocal-
ization in the streamwisedirectionx, but areelon-

8
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9 NUMERICAL SIMULATIONS
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Figure2: Relationbetweentheconvolution control ker-
nel andthe control. The control φ U x X xk V zW is found by
convolving theconvolution kernelK0 in theplanex X xk

with theaugmentedstateqa
0 in thevicinity of thespanwise

locationz.

gatedin thisdirection.

Figure 3: Isosurfacesof K0 U x V yV zW relating (left) the
streamwisecomponentof thevelocityu U x X 0 Y 5 V yV zW , and
(right) the wall–normalcomponentof the velocity v U x X
0 Y 5 V yV zW to the control input φ U x V z X 0W . Control domain
extensionin x = Z 0 Y 5 V 0 Y 9[ . Minimization of the perturba-
tion energy atx X 0 Y 9.

It is significantto note that our objective function,
which up to this pointhasbeento minimizetheper-
turbationenergy over the entire streamwiseextent# x0 � xN $ of the domainof control underconsidera-
tion, mayeasilybegeneralizedto targetspecifically
theperturbationenergy at theendof thecontroldo-
main,xN. To accomplishthis, we simply addto the
costfunctionapenaltytermontheenergyof theper-

turbationat theendof thecontroldomainD � N

∑
i I 0

∆ J � q � �i Qqi �£¢ 2φ φ �i φi K � N

∑
i I 1

∆ ¤¥¢ 2s ∂φ �i
∂x

∂φi

∂x P�¦¢ N � q � �NΣ11
N qN �

(29)
whereΣ11

N is theinitial conditionof theRiccatiequa-
tion which ariseswhensolvingthefeedbackcontrol
problem(see§5). Wemaytargettheseoutflow (“ter-
minal”) perturbationsexclusively simply by setting
Q � 0. Figure3 representthestreamwiseandwall–
normal kernelsin thesetwo kinds of optimization
problems.

9 NUMERICAL SIMULA-
TIONS

§ ¨ © ª § ¨ ª § § ¨ « ª § ¨ ¬ §§©­ ©
® ¯ ° ± ® ¯ ± ® ® ¯ ² ± ® ¯ ³ ®´ °
°®

µ ¶·
µ ¶

· ¸ ¶ ¹ · ¸ ¹ · · ¸ º ¹ · ¸ » ·Figure4: Longitudinalstreakswithoutcontrol(top),with
presentfeedbackcontrol strategy (center),and with the
iterative adjoint–basedcontrol optimisationstrategy of 7

(bottom).

By insertingtheseconvolution feedbackcontrol
kernels into a direct numerical simulation (DNS)
code,we now performsimulationsof the feedback
controlledsystem,assumingfull knowledgeof the
initial perturbationqa

0. Figure1 depictsthe stream-
wiseandwall–normalkernelsusedin thenumerical
simulation.For comparison,wehavealsocalculated
the effectivenessof controlsdeterminedby apply-
ing an iterative, adjoint–basedcontrol optimization

9
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10 CONCLUSIONS

strategy, asdevelopedby CathalifaudandLuchini 7.
To performtheboundary-layerflow simulations,we
usedthespectralDNScodedevelopedbyLundbladh
et al.14, which accuratelysolvesthe full 3D incom-
pressibleNavier-Stokes equationsin the boundary
layer andaccountscorrectly for the effectsof con-
trol inputson the wall, asthoroughlybenchmarked
in 14.
Figure 4 displays the isolines of the longitudinal
velocity of perturbationin a x � z plane locatedat
y � 2 8 022,bothwithout andwith control. We have
testeda worst–cade(a.k.a.,“optimal”) initial pertur-
bation,thatis, aperturbationwhoseenergy is ampli-
fied maximally over the computationaldomainun-
der considerationin the uncontrolledsystem. This
kind of perturbationhasbeencomputedpreviously
by Luchini13, who found that such perturbations
comein the form of stationarystreamwisevortices,
whereasthevelocity field they induceis dominated
by streamwisestreaks.This is a typical behaviour
in shear–driven flows. The control is appliedover# x0 � xN $ � # 0 8 5 � 0 8 8$ , andwe noticea very similar re-
duction of the perturbationmagnitudein both the
presentfeedbackcontrol formulationandthe itera-
tiveadjoint–basedcontroloptimization.
We have alsocomputedthe energy of the perturba-

tion E � E xN

xi

E zr

zl

u2 dz dy. Figure5(a)displaysthe

streamwiseevolution of this energy. In the present
feedbackcontrol formulation, the blowing/suction
velocityvw is partof thestatevectorqa. Thismeans
that, usingthe control law (15), the control at each
streamwisestation xk dependson the velocity of
blowing/suctionat x0, vw � x0 � , which we imposeto
be zero; this leadsto the control in the presentfor-
mulationgentlyrampingup from zeroat x � x0. On
the contrary, in the adjoint–basedschemethe con-
trol vw � x0 � experiencesa large jump at x � x0, as
shown in the figure 5(b). This explains,at leastin
part,thedifferenceof effectbetweenthetwo control
strategies. Otherwise,the dampingof the perturba-
tion energy is foundto beof thesameorderin both
cases.

10 CONCLUSIONS

The primary challenge in the application of
Riccati-basedfeedbackcontrol strategies to fluid-
mechanicalsystemsis the enormousstatedimen-
sionwhichis necessaryto capturesuchsystemswith
an adequatedegreeof fidelity. Thestatedimension

0.35¼ 0.45½ 0.55¾ 0.65¿ 0.75À
xÁ0.0005¾0.001

0.0015¾0.002

0.5 0.6 0.7 0.8
x

0

0.1

0.2

0.3

0.4Â(a) (b)

Figure5: (a) Evolution of the energy of perturbationE
using (– Ã –) no control, (—) the presentfeedbackcon-
trol strategy, (– –) theiterativeadjoint–basedcontrolopti-
mizationstrategy of 7. (b) Evolutionof thecontrolenergy
using (—) the presentstrategy, (– –) the adjoint–based
strategy.

necessaryto resolve suchsystemstypically renders
Riccati-basedcontrol strategies numericallyunfea-
sible, andopen-loopmodelreductionstrategiesare
highly proneto misrepresentationof therelevantdy-
namicsof the fluid system,effectively “losing the
babywith thebathwater”.
In flow systemswith two directionsof spatialhomo-
geneity(suchaschannelflows), the linearizedsys-
temmodelmaybemadeapproachablewith Riccati-
basedfeedbackcontrolstrategiesby decouplingthe
variousstreamwiseandspanwisemodesof theprob-
lem using Fourier-basedapproaches. Linearized
boundary-layersystems,however, haveonly onedi-
rectionof spatialhomogeneity.
The presentpaper proposesa new, Riccati-based
feedbackcontrol strategy which leveragesthe fact
that linearized boundary-layer systems develop
parabolically in the streamwisecoordinate. Tak-
ing advantageof thisproperty, numerically-tractable
control and estimationalgorithmshave beenpro-
posed which target the reduction of a globally-
definedcost function with control feedbackwhile
only requiring the solution of Riccati equations
related to system models which are spatially-
discretizedin a singlecoordinatedirection(y). The
state-feedbackcontrol strategy usedhasrobustness
“built in”, as it dependsexplicitly on the distur-
bances,which are augmentedto the state in the
presentformulation. The robustificationof the es-
timator via noncooperative analysisis straightfor-
wardanda solutionof the“robust” estimationprob-
lemwhichsolvesthisnoncooperativegamehasbeen
presented.Using the formulation developedhere,
we obtainedwell–resolvedconvolution control ker-

10
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nels that are elongatedin the streamwisedirection
and localized in the spanwisedirection. By ap-
plying thesefeedbackkernelsin a direct numerical
simulation,we have shown that the resultingcon-
trol is quite effective, and that it providesa damp-
ing of the perturbationenergy of the sameorderas
thatobtainedwith muchmorecumbersome,iterative
adjoint–basedcontroloptimizationschemes.
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[12] Högberg, M., Bewley, T.R., & Henningson,
D.S., Linear feedbackcontrol and estimation
of transitionin planechannelflow. To appear,
J.Fluid Mech.

[13] P. Luchini, Reynolds-number-independent in-
stability of the boundarylayer over a flat sur-
face: optimal perturbations,J. Fluid Mech.,
404(2000)289–309.

[14] A. Lundbladh, D.S. Henningsonand A.V.
Johansson,An efficient spectral integration
methodfor the solution of the Navier-Stokes
equations, Report No. FFA-TN 1992-28,
Aeronautical ResearchInstitute of Sweden,
Bromma,1992.

[15] R.H.Middleton,& G.C.Goodwin,Digital con-
trol andestimation,PrenticeHall, Englewood
Cliffs, New Jersey, 1990.

[16] C. Moler, & C. Van Loan, 19 dubiousways
to computetheexponentialof a matrix, SIAM
Review, 20 (1978)4.

[17] J.O. Pralits, A. Hanifi & D.S. Henning-
son,Adjoint-basedoptimizationof steadysuc-
tion for disturbancecontrol in incompressible
flows,J.Fluid Mech.,467(2002)129–161.

[18] B. Protas,T.R.Bewley & G.Hagen,A compre-
hensiveframework for theregularizationof ad-
joint analysisin multiscalePDEsystems,sub-
mittedto Journalof ComputationalPhysics.

[19] H. Schlichting,Boundary-LayerTheory, Sev-
enthEdition.McGraw-Hill, 1978.

[20] U. Shaked& Y. Theodor,
�

∞–OptimalEstima-
tion: A Tutorial,Proc.31stIEEE CDC,2278–
2286,1992.

[21] X. Shen,& L. Deng,
�

∞ Filter DesignandAp-
plication to SpeechEnhancement,Proc.IEEE
ICASSP, pp.1504-1507,Detroit, May 8-12,
1995.

[22] S. Walter, C. Airiau & A. Bottaro, Optimal
control of tollmien-schlichtingwaves in a de-
veloping boundarylayer, Phys.of Fluids, 13
(2001)2087–2096.

11
AmericanInstituteof AeronauticsandAstronautics


	Sans titre

