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Control

Effect 1

Effect 2

Effect 3

Control B

Control A

Effect

Control C

T�UWV	XZY\[^]"_
Perturbation analysis (left) and adjoint analysis (right) of the jet system.

Note that `\a.bdcfe&bhgji�cfkml�n8i�n&i�o0pMqfa�q characterize rsl�n�cfbsl�o	tua.v\a�rdc relationships:wyxWz{xJ|h}#~4�M�M���W}j����|>�4�j���f�+�A�6}j�d���d��}#����~4�\����}j�d�>�6�������\�W}#~4��~f�)��|s�%�W}j���I�4���
On the other hand, i����fl�kmn�cIi�n&i�o0pMqfa�q characterize a.v\a�rhc�turdl4n�cfbdl�o relationships:w�xWz�x{��~4�j������~�|h}M���d�4�J~ �M�d¡>���>�������)��|s��}j�d���d�¢}#�4�N~4�<�£��}j�d�>��¡f}#�4¤&�m�6x�~d¥+¥\� ¦§��|h���j�����4�A�J���£�W}#���I���J�
The answer to the latter question is of particular interest when a high-dimensional forcing schedule for a
complex system, such as a turbulent jet exhaust, is being optimized to achieve a desired effect, such as
the reduction of radiated noise in a particular direction. Note that adjoint analyses do NOT identify the
“source” of the radiated noise in such a system. Rather, they identify how and where additional forcing may
be applied to the existing system to modify the radiating noise already present in a desired manner.

Xc

tc

Xe

te¨�©Wª	«Z¬\­�®<¯�°�±.²d³f´&²hµj¶�³f·m¸�¹º¶�¹&¶�»0¼�½¾·m½
(top) characterizes the effect on the entire flow resulting from a small

change to a particular “control” quantity, taken here to be a sinusoidally-varying mass source at point xc.¿IÀ�Á ¸�·m¹�³Â¶�¹&¶�»0¼M½¾·m½
(bottom) characterizes the effect on a particular flow quantity, taken here to be high

frequency noise at point xe, due to small changes in the “control” applied anywhere in the flow. Note that a
perturbation analysis involves marching the governing equation forward in time, whereas an adjoint analysis
involves marching the corresponding adjoint equation backward in time.

Ã&Ä.Å\Æ�Ä�ÇsÃPÈWÅZÆ�ÉjÇdÈËÊAÌ2ÇsÍZÆ�Î#ÄsÏ#Å\ÈËÆ4ÉjÇ�Ã&Ê�ÏÑÐsÒ�ÃjÓ>ÇJÊAÔZÉ¢Ò�ÇdÈWÃ&É¢Õ^ÖA×JÍZÈ�Ò.ÍÙØºÏ"ÇdÍZÆ4ØPÏMÇdÈ�Ò�Ï&ÚËÚWÌ�ÛjÔ3Ï&ÉjÇdÈËÜ3Æ4Ó�ÇsÍZÆØºÆ�ÇdÄsÈ�Ò�Ã"Ê�ÈËÉjÇsÆ�ÄsÆ4ÓhÇ.Ý)ÇdÃ�Ï&ÅZÅ\ÈËÇdÈWÃ&É¢Ï"Ú�ÊAÃ#ÄsÒ�ÈËÉZÎºÃ&Ê�ÇsÍZÆJÞ>Æ�Ç£ÓhÌ\ÓhÇdÆ�ØÙß	à�Ó6Å\Æ4áZÈ�Ò�ÇdÆ+ÅÙÈËÉ§â%ÈWÎ&ÔZÄsÆPã&ä¢ÓhÔ3Ò.ÍÏ"É3Ï&ÚËÌ\ÓdÆ4Ó�Ò.Í¢Ï"Ä.Ï&Ò�ÇsÆ�ÄsÈËå4ÆÂæ4ç�æMè�é�êëè�ì&í<é>î4ì#ï�ÄdÆ4ÚWÏ"ÇdÈWÃ&É3ÓdÍZÈWá3Ó4ß�àyÄsÆ�áZÄsÆ4ÓdÆ�ÉjÇsÏ"ÇdÈWð&ÆºÏ&Å�Þ>Ã#ÈËÉjÇÂÏ&É3Ï"ÚWÌ\ÓhÈ�Ó Ã"ÊÇdÍZÆ�á3ÄdÆ+ÓhÆ4É#Ç6ÓdÌ\Ó>ÇsÆ�ØñÈ�ÓJÅ\Æ4áZÈWÒ�ÇdÆ+Å�ÈWÉ�ÇdÍZÆ�ò	Ã"ÇdÇdÃ#ØñÄsÃM×óÃ"ÊIâ%ÈËÎ#ÔZÄdÆ�ôZß



Ü ! û)ü�ý'ü£þ)ÿ���� ����	��
�� ü�
Mü���ÿ����*ÿ�� 
�� ü���ü�����ÿ�� �	����� ü� ¬ütû�ÿ��*ÿ

T�UWV	XZY\[Âõ\_
Adjoint analysis of sound waves, produced by a monopole sound source at the point marked by

the X, in a stationary fluid. In the problem depicted here, the desired effect is to reduce the intensity of the
sound field in the “interrogation region” outlined by the rectangular box. The corresponding adjoint field is
driven by the sound waves in the box and propagates away from it, as visualized above, illustrating possible
locations for “antinoise” sources where additional forcing could be applied to achieve the desired effect
(namely, to reduce the sound pressure level within the box). Even though the governing system represented
here is a linear, constant-coefficient PDE and the cost function is quadratic in the state variables, the adjoint
field identifies a range of effective “antinoise” forcing locations, and does not accurately identify the isolated
sound source. Note that the focusing of the adjoint field on the isolated sound source is found to improve
when the size of the box is increased as compared with the wavelength of the sound.
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Perturbation analysis: refraction of pressure waves coming from the far-field by the unsteady
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Adjoint density (top) and adjoint pressure (bottom) reveals sensitivity of the pressure compo-

nent of the perturbation field at point xe at time te to additional forcing of, respectively, the energy equation
(top) and the continuity equation (bottom) everywhere in space xc and for all times tc � te. Note that, by
causality, the adjoint field is zero for tc � te; that is, the adjoint field marches backward in time from t � te.
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� ã�Ý�Ï&É3Ï"ÚWÌ<å�ÈWÉZÎ ÇsÍZÆÂÆ��	Æ+Ò�Ç Ã&É q �i Ö xe  te ÝÂÖ�ÇdÍ¢ÏMÇ ÈWÓ4ä	ÇdÍZÆ Æ	��Æ4Ò�Ç Ã#É^ÇdÍ3Æ i ! ÇsÍ Ò�Ã&Øºá¢Ã#ÉZÆ�ÉjÇ£Ã"Ê�ÇsÍZÆá¢Æ4ÄhÇsÔZÄsò3ÏMÇsÈËÃ#É^Ü3Æ�Ú�Å Ï"Ç á	Ã&ÈWÉjÇ x " xe

Ï"É¢ÅÙÇdÈWØºÆ t " te Ý�Ò�ÄdÆ+ÏMÇsÆ4ÅÙò<Ì§Ï"áZá3ÚËÌ<ÈWÉZÎ2Ï ÚWÃ\Ò�Ï&ÚËÈWå�Æ+ÅÙÊAÃ&Ä.Ò�Æ
g � j " δ Ö x # xc

Ý δ Ö t # tc Ý)ÇsÃºÇdÍZÆ j ! ÇdÍ§Ò�Ã&Øºá	Ã&ÉZÆ4É#ÇJÃ&Ê�ÇdÍ3Æ�á¢Æ4ÄhÇsÔZÄdò¢ÏMÇdÈWÃ&ÉÙÆ+Û#Ô¢ÏMÇdÈWÃ&É�äZÏ"É3Å� ô#Ý Ï&É3Ï"ÚWÌ<å�ÈWÉZÎ ÇdÍZÆ Æ	��Æ4Ò�Ç Ã&É q $ j Ö xc  tc ÝuÒ�ÄsÆ4Ï"ÇdÆ4Å ò<Ì Ï"áZá3ÚËÌ<ÈWÉZÎ Ï ÚWÃ\Ò�Ï"ÚWÈWå�Æ4Å ÊAÃ&Ä.Ò�Æ
g $i " δ Ö x # xe

Ý δ Ö t # te Ý)ÇdÃºÇsÍZÆ i ! ÇdÍ^Ò�Ã#Øºá¢Ã#ÉZÆ�ÉjÇJÃ"Ê%ÇdÍZÆ�Ï#Å�Þ>Ã&ÈWÉjÇJÆ4ÛjÔ3ÏMÇsÈËÃ#É�ß
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q �i Ö xe  te Ý " q $ j Ö xc  tc Ý	% Ö&�Zß('&Ý
) Ã&ÇdÆ�ÇdÍ¢ÏMÇ�ÇsÍZÆJá¢Ã#ÈËÉjÇ xc
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Evolution of adjoint pressure (left) and adjoint density (right) in time at the points _ x ` y a of

(solid) _ 5D ` 0 a , (dashed) _ 5D ` 2 ü 5D a , (dot-dashed) _ 5D ` í 2 ü 5D a .
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Adjoint pressure at three different locations at the centerline: at (dot-dashed) x é 8, (dashed)

x é 9, and (solid) x é 10. When the actual evolutions of the variable (left) are shifted by the time corre-
sponding to the convection velocity (right), there is an approximate superposition of the three lines, which
indicates that these perturbations convect toward the nozzle at the convective speed.
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Adjoint density field due to incoming waves from the far field.
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Adjoint pressure wave corresponding to far-field noise at an angle of 60 p off the jet axis and at

a frequency of St é 2 ü 0. The Fourier transform of this field evaluated at the three points indicated is shown
in Figure 10.
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T�UWV	XZY\[N]�s\_
Temporal spectra of (left) the adjoint pressure

q
p è f and (right) the adjoint density rρ è f for an

incident wave in the adjoint field coming from above (at an angle of 60 p off the jet axis), at a frequency of
(top) St é 0 ü 8, (middle) St é 2 ü 0, and (bottom) St é 8 ü 0 and measured at the points _ x ` y a of (solid) _ 5D ` 0 a ,
(dashed) _ 5D ` 2 ü 5D a , (dot-dashed) _ 5D ` í 2 ü 5D a . See Figure 9 for flow configuration.
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Spectra of the vertical velocity of the flow at _ x ` y a�éu_ 1 ü 5D ` 0 ü 5D a (left) and_ x ` y a<é,_ 3D ` 0 ü 5D a (right). The appearance of the peak at St é 0 ü 2 at the downstream station (right) is

a result of vortex pairing (recall that the jet is forced at St é 0 ü 4).
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