OPTIMAL AND ROBUST CONTROL AND ESTIMATION OF TRANSITION, CONVECTION, AND TURBULENCE

a dissertation submitted to the department of mechanical engineering and the committee on graduate studies of stanford university in partial fulfillment of the requirements for the degree of doctor of philosophy

Thomas R. Bewley August 1999

cfl Copyright 1999 by Thomas R. Bewley

All Rights Reserved

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Parviz Moin (Principal Adviser)

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

William C. Reynolds

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Stephen P. Boyd

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Roger Temam (Indiana University and Université de Paris-Sud)

Approved for the University Committee on Graduate Studies:

iv

Preface

“In order to know the true science of the flight of birds, one must first know the science of the winds.”

Man has been at the same time fascinated and stymied by the enigma of fluid turbulence for hundreds of years. In the above quote and several of his drawings (see figure 1), Leonardo da Vinci eloquently expressed man’s yearning to understand chaotic fluid motion. Turbulent flow phenomena are ubiquitous and consequential, both in nature and in flows around and through man-made devices. Particular flows of interest in engineering include those of air, water, blood, molten metal, combustion reactants, and hot combustion products. The large increases in drag, cyclic structural loading, internal stresses, mixing, noise, and heat transfer caused by turbulence in such flows have motivated engineers to study turbulence and attempt to alter its effects. However, turbulence is inherently a multi-scale phenomenon, in which fluid motion at the large spatial scales is inherently coupled with fluid motion at the small spatial scales by the complex, chaotic physical process of vortex stretching. This makes turbulence difficult to characterize in simple terms and difficult to predict with lowdimensional simulations. To properly understand, simulate, and, ultimately, control a turbulent flow, this multi-scale nature of turbulence must be accounted for properly.

Figure 1: Sketches of turbulent flows from Leonardo da Vinci’s Codex Leicester, circa 1508.

Turbulent flows are often quite sensitive to both active control and control/optimization by passive techniques, and have a complex, sometimes large, and (in certain respects) predictable response to system disturbances. Unfortunately, our knowledge of how best to determine, suppress, and/or exploit the sensitivities of turbulent flows for particular engineering objectives is, in most cases, quite limited. These sensitivities must be understood and harnessed before current approaches to the design of multi-scale flow systems can be advanced. Such is the topic of distributed control.

The current state-of-the-art in many arenas of control and design optimization for complex flow systems, such as the prevention of combustion instabilities in jet engines, is to conservatively probe the system, trying what seems plausible based almost on the intuition of the engineer alone. For a low-dimensional problem dominated by simple behaviour in the hands of an experienced engineer, such approaches are usually effective. However, as we move to the design of multi-scale, coupled, inherently nonlinear problems, such as the coordination of large arrays of turbulence control devices, intuition can fail us, and a mathematical approach to the design problem is preferred. The purpose of the present work is to establish and demonstrate such an approach for the problem of control of wall-bounded turbulence.

The nonlinear partial differential equation believed to govern turbulent flows, now known as the Navier-Stokes equation, was derived well over a century ago. The mathematical properties of solutions to this seemingly innocuous equation are extremely difficult to characterize, and constitute the primary topic of dozens of books and literally thousands of research papers. Topics of interest include the determination of when chaotic, bounded solutions to the Navier-Stokes equation even exist, when such solutions are unique, and how optimized controls for flows governed by the Navier- Stokes equation might be found. The mathematical approach to answering these questions is very involved and leads to (among other things) the rigorous foundation for the present work; however, this analysis also leads to some insights which are askew with the physical picture. Reconciliation of two viewpoints, drawing both from our mathematical understanding of the Navier-Stokes equation and from our physical understanding of turbulent flows, is an important part of making turbulence control an engineering reality.

The ability to simulate turbulent flows in simple geometries, integrating the delicate governing equation in time, was mastered well over a decade ago. With the benefit of such simulations, the fundamental physics of certain classes of turbulent flows is now well understood. For example, the driving instability of near-wall turbulence is now known to be closely linked to the chaotic interaction of the vortical regions of near-wall fluid, which are created by the mean shear of the viscous flow near the wall. The regions of the flow with high vorticity near the wall, commonly referred to as the coherent structures, have a characteristic behaviour that has been carefully studied. These vortical regions often appear as “hairpins” and longitudinal “tubes”, as shown in figure 2, that tangle, interact, and evolve in a complex, intermittent fashion.

Figure 2: The coherent structures of near-wall turbulence.

With the abundance of computational power currently available, and the relatively mature numerical techniques to leverage this power, many complex flows of interest may now be modeled accurately by simulation of the Navier-Stokes equation or filtered versions thereof. Further, a significant expansion of this capability might be projected over the next several years, resulting from both increases in computational power (via parallel computers currently being developed) and improvements in numerical techniques. We must ask ourselves, however, what we plan to do with all of this simulation capability.

Leveraging these two advances—a mathematical understanding of the equation governing turbulence and the computational ability to simulate turbulence accurately—the time is ripe to make the next major advance: the control and optimization of flow systems dominated by the effects of turbulence for desired engineering objectives. Such a goal is now feasible because it is possible to utilize the equation governing turbulence in a computational setting to optimize and control a turbulent flow in an efficient manner. The objective of this work is to study and demonstrate how this may be done. This report has been organized as four self-contained articles. These articles lay out a progression over the following four topics:

I linear feedback for a linear flow system (transition), II linear feedback for a nonlinear flow system (convection), III predictive optimization of controls for a nonlinear flow system (turbulence), and IV a framework for the optimization of robust controls for nonlinear flow systems.

These four articles are now summarized briefly.

Part I - Optimal and robust control and estimation of linear paths to transition It is generally inappropriate to treat multi-scale systems governed by nonlinear PDEs with classical control techniques (such as PID approaches and techniques based on Bode and root-locus analyses) or even “modern” control techniques (such as linear optimal control with Kalman filtering— designs based on analysis of transfer function norms and solved with Riccati-based approaches). Such techniques generally have been developed with low-order systems in mind, where the order of the state N ≲ O(100), whereas accurate simulations of turbulence routinely require N ≳ O(10^6). Further, some of these techniques, such as approaches based on root-locus (eigenvalue) analysis, are not appropriate for systems with highly nonorthogonal eigenvectors, as often encountered in fluid mechanics. However, some specific PDE systems (under linear approximation) do decouple into several low-order systems amenable to analysis by the usual control strategies. Transition in a plane channel flow is just such a problem. This model problem, in addition to being a physically relevant problem in its own right, provides a very good starting point with which to introduce the topics of control and estimation in a fluid-mechanical setting. This problem also introduces the important concept of the noncooperative game framework, referred to as robust control, which is extended to the nonlinear Navier-Stokes equation in Part IV.

Part II - Linear control and estimation of nonlinear chaotic convection: harnessing the butterfly effect A control engineer’s first instinct after solving the linear transition control problem of Part I might be to attempt to apply the linear control feedback so determined directly to the fully nonlinear problem of turbulence. This section examines the hazards of such a procedure (applying linear feedback to nonlinear systems) by examining a very low-order nonlinear convection problem which is easily amenable to analysis. The approach of applying linear feedback to both the controller and the estimator is ultimately made to work for this nonlinear convection problem, but only after the appropriate safeguards are taken. Further, the problem of turbulence is distinctly different from the convection problem studied here, as discussed in detail in this article. These differences appear to indicate that control of turbulence by simple linear feedback is a dubious proposition at best, and more appropriate feedback strategies need to be developed.

Part III - DNS-based predictive control of turbulence:

an optimal benchmark for feedback algorithms For a mathematically rigorous framework for the control of nonlinear systems governed by the Navier-Stokes equation, we turn to the versatile yet cumbersome framework of predictive control. In this setting, a fully nonlinear flow problem (turbulent channel flow) is optimized over a receding finite horizon with the adjoint-based tools of optimal control theory. The results obtained (relaminarization of the turbulent flow with small amounts of blowing and suction) far surpass the results obtained with every other control algorithm tested in this flow to date.

The control strategy used is akin to that used to play a game of chess, in that future possible evolutions of the system are explored iteratively. The key feature that makes such an optimization tractable for the high-dimensional problem of turbulence, for which random or “brute-force” search algorithms are far too expensive even to consider, is that gradient information based on an adjoint analysis may be determined to update the controls efficiently for the desired purpose at each iteration. The adjoint field central to this approach is based on a mathematical statement of the engineering problem at hand and a nonlinear PDE representation of the equation governing the system of interest, obviating the need for ad hoc assumptions about the turbulence dynamics. Techniques proposed to extend the approach implemented here to a practical setting are discussed in detail. Part IV - A general framework for robust control in fluid mechanics For the application of control feedback in practical situations for which only limited, noisy measurements of the turbulent flow will be available, a degree of “robustness” will be very important in the control algorithm. The topic of robust control is a natural extension to that of optimal control. The analogy used to motivate this noncooperative-game approach is Murphy’s law: If a worst case disturbance can disrupt a controlled closed-loop system, it will. Thus, in the robust framework, the controls are optimized in the presence of a finite component of that disturbance which is maximally detrimental to the control objective. Controls which are effective even in the presence of such a disturbance are also effective in the presence of a broad class of other disturbances.

Rather than a simple minimization problem, as encountered in optimal control, the robust control problem is an infinite-dimensional extrapolation of a saddle-point problem for the “best” control in the presence of the “worst” disturbance. The mathematical character of this saddle point problem is explored in detail in this article.

It is well known, even in the linear setting, that the performance of optimal control strategies is significantly degraded in noisy environments. For example, in the optimal linear setting (see Part I), disturbances are accounted for only in the estimator, not in the computation of the control feedback. This leads to the possibility for inappropriate control feedback arising from those modes of the system which can not be estimated accurately. Similar difficulties may be expected in the nonlinear setting. The robust framework naturally couples the control and estimation problems, accounting for the possible effects of disturbances when computing the control. For this reason, robust control of the nonlinear Navier-Stokes equation has been introduced and analyzed as a viable new tool for the optimization of practical, disturbed turbulent flow systems in which only limited, noisy measurement information is available. This robust approach is likely to be a key component of much of our future work in this area. Literature surveys The field of flow control is a very active field of research, and very significant contributions have been made by many different research groups. In order to review this field thoroughly, multiple comprehensive literature surveys have been completed in the course of this work. The first, published in June of 1994, is included as the appendix to this report. This review encapsulates the broad field of flow control at its state-of-the-art in 1994, citing scores of relevant references ranging from experimental, computational, and theoretical approaches to related flow control problems. It also summarizes our motivation for developing mathematically-based control algorithms for flow control problems, identifying a general taxonomy of schemes commonly used to attack flow control problems and describing how mathematically-based approaches fit with this big picture. In short, four general catagories of schemes are identified by examining the extent to which they are based on the governing flow equations. These catagories are: • adaptive schemes, • schemes based on understanding of dominant physics, • schemes based on reduced-order systems, such as dynamical systems theory, and • schemes based on optimal control theory.

It is noted that simple flow systems which behave approximately linearly may be controlled effectively by simple “black-box” strategies or by control strategies inspired by a general understanding of the flow physics. However, for distributed, multi-scale, chaotic flow systems such as turbulence, the effectiveness of such approaches is limited, and we are thus motivated to base our control algorithms on the Navier-Stokes equation known to govern the phenomena of interest.

In addition to this dedicated review paper, the literature was again carefully reviewed when composing each of the four main parts in the body of this report, and references which appeared in the last few years were paid particularly close attention. In this regard, note especially a. the introduction and conclusions of Part II, which discuss feedback approaches for the control of low-dimensional nonlinear systems and their possible connection with the problem of control of turbulence, and b. the introduction of Part III, which essentially re-reviews recent approaches taken to the turbulence control problem and discusses where optimal control theory fits into the larger picture.

Future work Given current trends in simulation capability, it is clear that control and optimization of distributed systems by mathematically-based approaches will be commonplace in 20 years. The foundation for this design paradigm is being set today. The present collection of articles represents four new steps in this direction. Much work remains to be done. Several projects have been initiated which follow up on the present work and are currently under active investigation.

Acknowledgments

“When I heard the learn’d astronomer, When the proofs, the figures, were ranged in columns before me, When I was shown the charts and diagrams, to add, divide, and measure them, When I sitting heard the astronomer where he lectured with much applause in the lecture-room, How soon unaccountable I became tired and sick, Till rising and gliding out I wandered off by myself, In the mystical moist night-air, and from time to time Looked up in perfect silence at the stars.”

- Walt Whitman (1865)

This thesis is dedicated to my parents, who taught me to keep looking up.

xii

Contents

Preface v

Acknowledgments xi

I Optimal and robust control and estimation of linear paths to transition 1

Abstract 3

1 Introduction 4 1.1 Outline of article . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Governing equations 7 2.1 Continuous form of flow equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2 Discrete form of flow equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Wall measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.4 Inner product, vector 2-norm, and energy density . . . . . . . . . . . . . . . . . . . . 12 2.5 Cases studied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.6 State disturbances and measurement noise . . . . . . . . . . . . . . . . . . . . . . . . 15

3 Application of control theory and numerical method 17 3.1 Summary of control approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.2 Comparison of optimal and robust control . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3 Comparison with proportional control . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.4 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.4.1 Spurious eigenmodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Methods of analysis 24 4.1 System Gramians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.2 Eigenmode analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2.1 Definition of modal control residual . . . . . . . . . . . . . . . . . . . . . . . 26 4.2.2 Definition of modal observation residual . . . . . . . . . . . . . . . . . . . . . 27 4.3 Transient energy growth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.4 Transfer function norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.4.1 Transfer function 2-norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.4.2 Transfer function ∞-norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.4.3 Performance measures z̃ to be considered . . . . . . . . . . . . . . . . . . . . 30 4.5 Systems to be analyzed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.6 Analysis of semi-proper proportionally-controlled systems . . . . . . . . . . . . . . . 32

5 Analysis of uncontrolled, open-loop system 34 5.1 System Gramians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 Eigenmode analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2.1 Eigenmode analysis of case (i) . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2.2 Eigenmode analysis of case (ii) . . . . . . . . . . . . . . . . . . . . . . . . . . 37 5.3 Transient energy growth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 5.4 Transfer function norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

6 Analysis of closed-loop systems 41 6.1 Quantitative comparison of various closed-loop systems . . . . . . . . . . . . . . . . 41 6.1.1 Full information controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 6.1.2 State estimators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 6.1.3 Composite estimator/controllers . . . . . . . . . . . . . . . . . . . . . . . . . 45 6.1.4 Comparison with proportional control . . . . . . . . . . . . . . . . . . . . . . 46 6.2 System eigenvalue (“root locus”) analyses . . . . . . . . . . . . . . . . . . . . . . . . 46 6.3 Modification of eigenvectors by application of control . . . . . . . . . . . . . . . . . . 50 6.4 Reduction of maximum transient energy growth . . . . . . . . . . . . . . . . . . . . . 50 6.5 Sensitivity of optimal estimator/controllers to further modification . . . . . . . . . . 55

7 Summary and conclusions 56

References 58

II Linear control and estimation of nonlinear chaotic convection:

harnessing the butterfly effect 61

Abstract 63

1 Aim & Scope 64

2 Background 66 2.1 Nominal behavior of the convection system . . . . . . . . . . . . . . . . . . . . . . . 66 2.2 The control problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 2.3 State disturbances and measurement noise . . . . . . . . . . . . . . . . . . . . . . . . 72

3 Determination of an effective control strategy 74

4 Determination of an effective state-estimation strategy 81

5 Practical control approach 89

6 Conclusions and related questions in the turbulence problem 91

A Boundedness of the state of the uncontrolled system 94

B Boundedness of the state of the controlled system 96

C Convergence of the state estimation error 98

D Norm independence of the Lyapunov exponent 100

References 102

III DNS-based predictive control of turbulence:

an optimal benchmark for feedback algorithms 105

Abstract 107

1 Background 108 1.1 Adaptive networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 1.2 Schemes based on understanding of dominant physics . . . . . . . . . . . . . . . . . 110 1.3 Extrapolation of linear control theory . . . . . . . . . . . . . . . . . . . . . . . . . . 111 1.4 A need for reduced-order nonlinear models . . . . . . . . . . . . . . . . . . . . . . . . 113 1.5 A need for model-based control strategies . . . . . . . . . . . . . . . . . . . . . . . . 114

2 Optimal and robust control in the predictive control framework 115 2.1 The seminal idea and an analogy to the game of chess . . . . . . . . . . . . . . . . . 115 2.1.1 Related approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 2.2 Predictive control optimization in the fluid mechanical setting . . . . . . . . . . . . . 119 2.3 Adjoint-based ensemble optimization of practical control algorithms—a preview . . . 120

3 Governing equation 122

4 Numerical method 126

5 Dynamics and statistics of uncontrolled system 128

6 Application of optimal control theory to incompressible turbulence 133 6.1 Statement of physical problem: definition of cost functional . . . . . . . . . . . . . . 133 6.2 Gradient of cost functional: general discussion . . . . . . . . . . . . . . . . . . . . . . 140 6.2.1 Linearized perturbation field . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 6.2.2 Derivation of adjoint identity . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 6.2.3 Definition of adjoint field and identification of gradient . . . . . . . . . . . . . 144 6.2.4 The general framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 6.3 Gradient update to the control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 6.3.1 Simple gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 6.3.2 Conjugate gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 6.4 Numerical method for control computation . . . . . . . . . . . . . . . . . . . . . . . 151

7 Performance of controlled systems 152

8 Conclusions 159

A Review: derivation of a simple linear adjoint operator 161

B Derivation of adjoint compressible Euler equation 162

C Details of numerical method for DNS of controlled turbulent channel flow 166 C.1 Spatial discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 C.1.1 Conservation of mass, momentum, and energy . . . . . . . . . . . . . . . . . 170 C.2 Temporal discretization of flow problem . . . . . . . . . . . . . . . . . . . . . . . . . 174 C.3 Temporal discretization of adjoint problem . . . . . . . . . . . . . . . . . . . . . . . 176

References 178

IV A general framework for robust control in fluid mechanics 183

Abstract 185

1 Introduction 186 1.1 An intuitive introduction to robust control theory . . . . . . . . . . . . . . . . . . . . 188 1.1.1 The general framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

1.1.2 Related literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 1.2 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 1.3 Mathematical setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 1.4 Abstract form of governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 194 1.5 Control framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 1.6 Important identities and inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

2 The linear problem 198 2.1 Existence of a solution to the robust control problem . . . . . . . . . . . . . . . . . . 199 2.2 Identification of the unique solution to the robust control problem . . . . . . . . . . 205

3 The nonlinear problem 209 3.1 Existence of a solution to the robust control problem, 3D case . . . . . . . . . . . . . 210 3.2 Existence of a solution to the robust control problem, 2D case . . . . . . . . . . . . . 217 3.3 Identification of the gradients to determine the unique solution . . . . . . . . . . . . 218

4 Generalizations 220 4.1 The boundary control problem in a domain with corners . . . . . . . . . . . . . . . . 220 4.1.1 Transformation of problem to the interior forcing framework . . . . . . . . . 221 4.1.2 Identification of gradients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223 4.2 The data assimilation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224 4.2.1 Identification of gradients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

5 Numerical algorithm for determination of robust control solution 228

6 Conclusions 231

References 232

Appendix Feedback control of turbulence:

a survey of approaches 233

Abstract 235

Postscript 235

1 Background 236

2 Feedback control schemes 239 2.1 Adaptive schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 2.2 Schemes based on physical arguments . . . . . . . . . . . . . . . . . . . . . . . . . . 241

2.3 Schemes based on dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 242 2.4 Optimal control schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

3 Implementation Issues 247 3.1 Methods of sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247 3.2 Methods of actuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249 3.3 Other considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

4 Concluding remarks 252

References 253